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FOREWARD

This document reports on an investigation by The Boeing Company from
June 10, 1966 to March 10, 1967 of the navigation and guidance of a two
stage launch vehicle (hypersonic stage 1/rocket stage 2) under contract
NAS 2-3691. The Technical Monitor for the study was Mr. Hubert Drake
of the NASA Mission Analysis Division, Moffett Field, California with
comonitor Mr. Frank Carroll of the NASA Electronics Research Center,
Cambridge, Massachusetts.

The Final Report is prepared in four volumes:
Volume 1 - Summary Report, Boeing Document D2-113016-k4

Volume 2 - Trajectory Parametric and Optimization Studies,
D2-113016-5

Volume 3 - Alternate Navigation-Guidance Concepts (Phase I),
D2-113016-6

Volume L4 - Detailed Study of Two Selected Navigation-Guidance
Concepts (Phase II), D2-113016-T.

Boeing personnel who participated in the study reported in this volume
(Volume L) include J. A. Retka, program manager; D. Harder, empirical/
explicit rendezvous guidance; D. S. Hague and C. R. Glatt, lambda matrix
guidance; T. Seavoy, navigation-guidance mechanization, and D. Minden,
cost estimates.
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1.0 INTRODUCTION

The study is directed to determining the feasibility, capabilities, and limit-

~ations of navigation and guidance systems for a two-stage launch vehicle

having an aerodynamic, air breathing first stage and a rocket second stage.
The basic mission is to fly a 3704 km (2000 nautical mile) offset distance to
the orbital plane of a satellite, turn into the plane and separate the second
stage which then accomplishes rendezvous of the payload with a target satellite;
the first stage then returns to its base. The overall objective of the study is
to determine if substantial improvements in navigation and guidance technology
are required or if significant losses in mission performance occur in carry-
ing out a rendezvous mission with this launch vehicle. Phase I, the first four
months of the nine month study, was a comparative analysis of alternate
navigation - guidance studies concluding with the recommendation of two con-
cepts for detailed study during Phase II, the second half of the study.

The Final Report for the Study of Navigation and Guidance of Launch Vehicles
Having Cruise Capability has four volumes:

Volume 1 - Summary Report, Boeing Document D2-113016-4,

Volume 2 - Trajectory Paramestric and Optimization Studies, D2-113016-5,

Volume 3 - Analyses and Tradeoffs of Alternate Navigation - Guidance Con-
cepts (Phase I), D2-113016-6,
Volume 4 - Detailed Studies of Two Selected Navigation - Guidance Concepts

(Phase II), D2-113016-7,

This volume presents the results of the Phase II study of the two selected
navigation - guidance concepts.

The Phase Il study emphasized four tasks: (1) Further work on optimization
of the nominal flight profile for the rendezvous mission, (2) Study of advanced
rendezvous guidance techniques, specifically, the lambda matrix guidance
technique, (3) Description of the explicit rendezvous guidance techniques
developed by more conventional procedures, and (4) Description of the
hardware mechanization, crew displays and controls, and operational studies,
This emphasis resulted from the judgement at the conclusion of the Phase I
study that the rendezvous navigation - guidance function is feasible within the
state-of-the-art for the hypersonic Stage 1/Rocket Stage 2 launch vehicle. This
is a distinct contrast with structure and propulsion problems for this launch
vehicle, The above emphasis for the Phase II studies was given after NASA
review of the Phase I study results.

As a starting point for developing rendezvous guidance, the following descrip-
tion of the problem by R, E. Roberson in '""Technology of Lunar Exploration',
Academix Press 1963, p. 217, is quoted. ''The formal solution of the opti-
mization problem is extremely difficult..... It goes without saying that
machine solutions rather than literal ones will be obtained. Although there
has been some investigation of closely related problems in astrodynamical

SHEET 1
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literature, an existing treatment of precisely the rendezvous trajectory

sequence problem is not known. At the moment it will have to be categor-
ized as unsolved., If this is the case, what is done in practice? As best _
one can tell from the discussions of such problems in the literature, the !
selection seems to be made on the basis of sub-optimization studies, i.e.
of trajectory segments taken one at a time, liberally salted with intuition.
The results can be quite senstive to details of the overall operational concept'' ~

N e T

’

Empirical /Explicit Guidance

The "empirical/explicit" guidance approach suggested in Section 2 for tt-
particular rendezvous problem of this study has the following steps: (1,
Trajectory optimization computer programs are used to define optirnum
flight profiles for a small number of specific cases covering the range of !
mission variables, (2) From the results of (1) find empirical functicns of

the mission variables (e.g. offset distance) that define the flight profile vari-
ations, (3) Use the functions from (2) to define a nominal flight profile gener-
ator which has the capability of predicting terminal errors at the rendezvou
point and iterating until the desired nominal is obtained, (4) Define guidarce
laws for the path segments obtaining boundary conditions for each segmeat
from the nominal profile generator. The guidance laws use explicit forms
where possible and empirical forms where necessary such as for the air-
breathing stage.

The results of the Phase II trajectory optimization work were not available
during the Section 2 work so that the details given should be considered only

as an example of the approach. Considerable detail has been given so that
technical feasibility of the approach is clear, and to define the methods of
modifying the details when the results of further trajectory work are available.

The on-board nominal profile generator gives the capability for flexible mission
control such as the selection of direct ascent, parking orbit ascent, or abort
destinations., The design of the guidance equations is done to meet the require-
ment that fuel penalties due to approximations are small compared to expected
off-nominal conditions and navigation error effects.

Lambda Matrix Guidance

The lambda matrix guidance investigation was accomplished by adding a simu-
lation subroutine to a steepest-descent trajectory optimization computer prog-
ram. (The optimization logic and iteration routines are not used in the guidance
simulation,) A nominal flight profile is used as the reference for generating
the guidance coefficients for the lambda guidance. When a steepest-descent
optimization program is used to define the nominal, the required coefficients
are obtained directly. Lambda guidance is a perturbation technique which mini-
mizes the weighted control variable deviations from the nominal control history,
where the control deviations are required to correct for off-nominal conditions.

Other perturbation guidance techniques that have had operational application
are the Q-matrix and delta guidance techniques. Lambda guidance is analyti-
cally somewhat more complex than the other pertubation concepts, but has the
advantage that development of the technique for an application is a relatively

U3 4302 1434 REV.8-.8%
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well defined analytical process in the frame work of optimization and modern
control theory. Advances in computer technology have occurred so that it is
not imperative that the very simplest guidance concept be used. Q-matrix
and delta guidance are possible candidates for segments of the mission but
do not have the convenient adaptability to the complex rendezvous problem
under consideration that the lambda guidance approach has,

The lambda guidance study results are reported in Section 3.

Either the lambda guidance or the ""conventional' self-contained guidance

is technically feasible for the two-stage launch vehicle rendezvous mission.

It would be premature to choose betwecen the techniques at this time. It is
probable that the lambda guidance technique will be applied to less complex
missions before the hypersonic Stage 1/Rocket Stage 2 launch vehicle is devel-
oped. An evaluation of the success of these applications will be possible before
it is necessary to select the guidance law approach. The conventional guidance
law approaches can be extended to this rendezvous mission application. Con-
siderable simulation and design improvement of the details is necessary to
implement the self-contained approach., The flexibility that can be obtained
with the self-contained approach may be a requirement for the possible alter-
nate missions of the hypersonic launch vehicle. The same degree of flexibility
may be possible with the lambda guidance approach taking advantage of comp-
uter technology advances anticipated. Development effort on lambda guidance
is needed to obtain this flexibility, Further development of the conventional
approach would be part of the launch vehicle development program.

Navigation-Guidance Mazchanization

The equipment characteristics described are for a current state-of-the-art
approach using an inertial platform as the basic navigation sensor and for an
advanced technology concept using strapdown inertial techniques with position
updating from a navigation satellite system. Weight, volume, and electrical
power estimates are made, Crew functions, preflight checkout and preflight
alignment operational considerations are described. Accuracy analyses and
reliability estimates are made for the two navigation concepts,

Alternate Missions

Payload performance estimates are made for the 9,250 Km (5000 N. M, ) cruise
mission by using segments of the trajectory obtained from the rendezvous
trajectory optimization results reported in Volume 2, The accuracy perform-
ance of the navigation system is also described.

Cost Estimates

Estimates for the navigation-guidance system development and recurring costs
are made on the assumption that existing technology equipment is adapted
to the hypersonic vehicle without major new development.

SHEET 3
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2.0 RENDEZVOUS GUIDANCE SYSTEM BASED ON A PARAMETRIC
DEFINITION OF THE OPTIMUM CONTROL PROFILES

2.1 INTRODUCTION

The objective of this chapter is to describe a system concept for development
of a self-contained, vehicle-borne rendezvous guidance system for the launch
and space vehicles under study. The concept is based on the hypothesis that
the family of optimum control profiles, whatever their form, can be approxi-
mated by parametric functions of the mission variables. The implications

of this are much more straightforward for Stage 2 than for Stage 1 guidance.
Explicit control functions containing the boundary conditions as parameters
have been developed which produce approximately optimum flight profiles
outside of the atmosphere. In the implementation of this type of guidance

for the first burn of Stage 2, the optimum staging and optimum transfer orbit
injection conditions would be specified as the boundary conditions. Similar
solutions for aerodynamic flight do not exist, complicating the characterization
of the Stage 1 optimum control profiles. The concept is nevertheless feasible
through the development of empirical functions which fit the optimum control
profiles, A two-phase analysis and design process would be required to
develop the empirical control functions. On the first phase, the methods of
steepest ascent and parametric analysis would be combined to define the
optimum integrated Stage 1 - Stage 2 profiles for a selected set of cases
covering the range of mission variables. On the second phase, trajectory
control models would be synthesized and tested in a search for forms that
meet efficiency specifications. The work conducted in this study consisted

of the synthesis of one representative model to test the feasibility of this
guidance concept.

The principal system requirements which have been considered in the develop-
ment of the guidance equations are:

o Adaptability to off-nominal conditions in take-off time, atmos-
phere, and vehicle performance;

o Efficiency in terms of fuel consumption;

o Real time end condition prediction, including fuel reserves;
o Secondary and abort mode guidance requirements;

o Adaptability to operational variables such as enroute target

updates and planned deviations in take-off weight.

An analysis of payload penalties for the representative guidance model was
made for the rendezvous mission with target plane offset distance equal to
3704 Km (2000 N.M.). The payload penalty for the RSS of estimated three-
sigma dispersions in knowledge of atmosphere and engine characteristics is
1.3%. This is a satisfactory result, indicating that the method is a competi-
tive candidate for design.

SHEET &4

US 4802 1434 REV. 8-85




USE FOR TYPEWRITTEN MATERIAL ONLY

NUMBER D2-113016-7

e £FETELRSES coreany REV LR

The representative guidance model to be presented is influenced by the
structure of the family of optimum nominal flight profiles. A model of this
structure which is consistent with the optimization results for the 3704 KM
(2000 nautical miles) offset mission is presented in Paragraph 2.2, This is
followed by a functional description of the process of generating the nominal
profiles for specific command situations in Section 2.3. The guidance con-
cept and equations are presented in Section 2.4, followed by an analyses of
payload penalties and computer requirements in Sections 2.5 and 2.6, Detailed
equations for nominal profile generation and Stage 2 guidance are presented in
Section 2.7.

2.2 A MODEL OF NOMINAL FLIGHT PROFILES

A member of the family of missions to be flown is defined by specification of
eight input parameters -~ six target orbit parameters and the geographic
latitude and longitude of the base. These eight parameters are reduced to
seven by a coordinate conversion to the system shown in Figure 2-1, in
which the target orbit plane at the time of injection of Stage 2 into the rendez-
vous transfer orbit is the equator and the base location is on a meridian, The
arc length of base latitude in this system is called the target plane offset
distance, represented by the symbol R_. The two parameters geographic
latitude and longitude are replaced by the one parameter R ., The basic para-
meter set is further reduced to six variables by restrictingo take-off time to
one window per target orbit revolution so that time does not influence the
shape of the nominal flight profile.

An important reduction in the complexity of the parametric representation of
the family of profiles is realized by noting that the Stage 1 profiles are in-
fluenced by only two mission parameters - offset distance (R ) and the inertial
velocity-to-be-gained by Stage 2 on its boost phase, AV, . ° The inertial
velocity required at the end of Stage 2 boost is a function of the apogee altitude
of the first coast ellipse on the orbital profile., The difference between the
velocity at staging and at boost cut off is the total velocity-to-be-gained. All
combinations of the basic parameters which produce a given value of the para-
meter pair R, and AV _ will have essentially the same nominal Stage 1 profile
shape. Another factor ~that greatly simplifies the problem of flight profile

parametric representation is that the Stage 1 nominal is strongly influenced by
R’o but 1is only weakly influenced by AVg.

Consideration of the simplifying factors outlined above strongly influenced the
formulation of the guidance model presented in paragraph 2.4, It was also
strongly influenced by the concept that the flight profile can be described as
a sequence of phases or segments. Segment boundaries are generally well-
defined by the physics of the problem. For instance, the stage point defines
the end of the Stage 1 outbound flight and the beginning of the Stage 2 initial
boost phase; the end of the Stage 1 clim% and acceleration phase and the be-~
ginning of the supersonic cruise phase on long range missions are sharply
defined by the attainment of supersonic cruise conditions; the attainment

of specified state vector relative to the orbit plane defines the start of the
pullup phase.

SHEET 5
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TARGET PLANE ORIENTED COORDINATE SYSTEM
FIGURE 2-1.

'Parget Orbit Plane

Z .

Stage 2 Initial Boost
Cut Off Position

tc o " Time of Stage 2 injection into rendezvous transfer
orbit (initisl boost cut off position)

I = Target orbit inclination

AN ‘(tco) - ?arset orbit r{?de at ?co
¢ ‘ r‘ = Base geographic 1atitude and longitude
0) [, X

S .o'eo - Base latitude and longitude in target oriented
reference system

(XYZ) - Inertial reference system, defined by local vertical systenm
in target orbit plene at initial boost cut off position '
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A structure of flight segments was postulated which is based on optimization
results for the 3704 Km (2000N. M. ) offset mission and on preliminary ob-
servations about the short oftset profiles, For offset distances of 1852 Km
(1000 N, M. ) or greater, the Stage 1 nominal outbound flight proiiles are
asymmetric with respect to the line passing through the base and normal to

the target orbit plane. The outbound cruise heading varies with offset
distance, from about 26 to 12 degrees as offset distance varies from 1852 to
3704 Km. A turn into the orbit plane follows cruise, and the stage point occurs
prior to intercept of the orbit plane. The essential difference between this
profile and that for short offset missions is that the acceleration and climb
phase and turn phase merge on the short offset profiles. Consider the zero-
offset case. Neglecting the effect of the Stage 1 return path and of Earth
rotation, the minimum energy profile obviously is the one which heads straight
into the desired orbital plane. This, however, produces the maximum length
return path. If there are gains to be realized by giving up efficiency on the
outbound leg to gain efficiency on the return leg, it will be necessary to move
the staging point toward the base. Assuming that the climb and acceleration
total path length cannot be shortened, the profile required to fly to a nearer
staging point must include a spiral or an initial cruise leg away from the
staging point. Curves 1, 2, and 3 of Figure 2-2 show climb and acceleration
paths at maximum throttle with constant bank angles of 15, 30, and 45 degrees
respectively. These profiles indicate that these pure spiral paths or combin-
ations of themn are expensive for moving the staging point toward the base:

the fuel requiremsnts for climb and acceleration increase markedly, and

there is no effective maneuverability for end point control. Specifically, they
result in cross plane final displacements of 178 Km (96 N, M. ) or greater,
which would be very expensive to null in the terminal phase of the maneuver.

It was postulated, therefore, that the zero-offset Stage 1 profile would start
with a subsonic cruise phase heading away from the staging point, followed

by a turn toward the orbital plane combined with climb and acceleration.

Curve 4 of Figure 2-2 shows a path with a subsonic cruise phase at 305

meters per second, (1000 ft, per second), following acceleration at full throttle
to the cruise velocity. A turn through 180° is followed by acceleration and
climb to the staging point in the plane 500 Km (260 N, M, ) down range from the
base. The excess fuel requirement for this maneuver was 3180 KG (7000 pound#!).
This is an expensive maneuver, but it does move the stage point 260 Km (140
N. M.) toward the base while meeting the required cross plane end condition.
Considering both the zero-offset profile description and the 3704 Km offset
profile, the sequence of segments for outbound Stage 1 flight are defined as

follows:
o Take-off and turn to initial heading (AZl).
o Acceleration and climb to subsonic cruise conditions when r
Ro = Rc’ acceleration and climb to supersonic cruise
when Ro > Rc’ (Rc is the magnitude of offset distance which
defines the mission us short range or long range.)
o Subsonic cruise when Ro = Rc; supersonic cruise when Ro> Rc'
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o Phase 1 of acceleration, climb, and turn after subsonic cruise

(Ro_¢_ Rc) or Phase 1 of turn after supersonic cruise (RO> RC).

o Phase 2 of acceleration, climb, and turn after subsonic cruise
(Ro < Rc) or Phase 2 of turn after supersonic cruise (R0> Rc)'

o Pull up'and stage. -
Figure 2-3 shows a possible pattern of latitude-longitude paths fitting this
model. The attitude control profile on each segment is defined by the pitch
angle and bank angle profiles. The pitch angle profile on each segment is
defined by the optimum altitude-velocity for that segment. The bank angle
profile on each segment is coritrolled to maintain the optimum latitude-longitude
profile for that segment. Throttle setting is always at maximum except in the
cruise phases,

The Stage 2 nominal orbital profiles are functions of target orbit semi-major
axis, eccentricity, and argument of perigee, as well as of Stage 2 initial boost
cut off conditions. They are defined explicitly by Keplerian orbital mechanics
with approximations for perturbations due to gravitational anomalies, When
the target orbit is nearly circular, there are two types of nominal orbital
profiles - direct ascent and parking orbit, illustrated in parts (a) and (b)

of Figure 2=4, When the target orbit is eccentric, the orbital profile consists
of a two phase parking orbit as shown in part (c) of Figure 2-4. The vehicle
coasts in the first parking orbit until it crosses the target orbit line of apsides
in conjunction with the orbit apogee, injecting there into an eccentric orbit
with apogee coincident with the target orbit perigee. The nominal point of
transfer out of this orbit occurs on the line of apsides with injection into an
ellipse such that rendezvous occurs at target orbit apogee. This flight profile
sequence for the eccentric target orbit is designed to minimize the fuel
required-to accompiish rendezvous.

The sequence of segments on the Stage 2 profile to rendezvous are:

o Stage 2 initial boost segment, with cut-off conditions for a near
Hohmann transfer to target altitude or parking orbit altitude.

o First orbital coast period with nominal coast angle of 180% on
the near Hohmann transfer to target altitude or parking orbit
altitude. If the rendezvous mode is direct ascent, this coast
period is followed immediately by the terminal phase.

o First orbital AV (not used for direct ascent) placing the target
in a circular orbit.

o Second orbital céast period in parking orbit.

o Second orbital AV, establishing a Hohmann transfer to target

orbit perigee altitude. It is the final transfer if target orbit is
circular; it is the second parking orbit if the target orbit is
eccentric. '

SHEET 9
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‘ STAGE 1 OUTBOUND LATITUDE-LONGITUDE PROFILES (HYPOTHETICAL)
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STAGE 2 NOMINAL ORBITAL PROFILES
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- a ground-based computer. If it is included in the vehicle computer, the

o Third orbital coast period with nominal coast angle of 180°
on a Hohmann transfer to target perigee altitude (final alti-
tude if target orbit is circular.)

o . Third orbital AV, applying only to eccentric target orbits;
magnitude is that required for a Hohmann transfer from peri-
gee altitude to apogee altitude,

o Fourth coast period, applying to eccentric target orbits; nomi-
nal coast angle.is 180° from coast orbit perigee to target
apogee,

o Terminal rendezvous phase.

To illustrate the combined Stage 2 - Stage 1 profile, part (a) of Figure 2-5
shows the ground projection of the Stage 1 segments of a long range mission,
and part (b) shows the Stage 2 direct ascent orbital segments for the profile,
The target position at the time of arrival of Stage 2 at the rendezvous
position €. is shown for an arbitrary take-off time. The error angle
eT— @{_ is reduced to zero by specifying the proper take-off time.

2.3 FUNCTIONAL DESCRIPTION OF THE NOMINAL FLIGHT PROFILE
GENERATOR

The model of flight profiles described in Section 2. 2 establishes a framework
for defining nominal profiles which are close approximations of the optimum
profiles. The segment boundary conditions are to be defined as parametric
functions of R_and AV . The functional forms are to be such that the
boundary conditions defified by the parametric functions for a set of primary
cases are coincident with corresponding points on the optimum profiles. The
simplifying factors outlined in Section 2. 2 suggest that an efficient family of
profiles can be defined by fitting the parametric functions to the optimization
lata of a small number of primary cases, perhaps as few as ten. The purpose
o< this paragraph is to define the process by which the nominal profiles will be
gensrated.

The parametric representation of the family of optimum flight profiles is imple-
mented in a computer program called the Nominal Flight Profile Generator,
(NPG). This program may be included in the vehicle computer system or in

vehicle guidance system is self-contained in the sense that the only targeting
inputs required are the target orbit parameters at some epoch. The character-
istic of being self-contained is of interest. More important, however, is the
fact that the paramstric system eliminates the requirement for repeating the
steepest-ascent trajectory optimization process for every flight.

A simplified outline of NPG is shown in Figure 2-6. Initial estimates of the
mission parameters R_and A V_are obtained by a geometric solution which
is accurate in R_ to within * 37 ¥m (20 N.M.). Then the flight is simulated
under the control of the guidance equations using constants determined as
functions of the estimated values of R_and AV . The terminal conditions
of the simulated profile are then analyzed and c&rrections are made in R0 and

SHEET 12
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in take-off time to meet end conditions for rendezvous. The guidance equa-
tions are designed so that the profile flown on the second or third iteration
meets the end conditions required for rendezvous, while maintaining speci-
fied altitude-velocity and latitude-longitude (or bank angle) profiles through-
out Stage 1.

The following discussion is intended to clarify the method of representation of
the boundary conditions and altitude-velocity profiles as functions of Ro and

AV _. -
g

Assume that the curves shown in Figure 2-3 represent the latitude-longitude
profiles (in target orbit plane parameters) of the family of optimum nominal
profiles. The optimum stage point longitude ( & s) varies from 0,75° at R_ =
3700 Km to 3.° at R, = 10 Km. The value of the optimum stage point for any
value of Ro from O Km to 3700 Km is assumed to lie on the smooth curve
which passes through the model points, These would be represented in NPG
by a table or by a mathematical function which fits the data. Similarly, the
variation in initial heading (AZ.) from ~-10° when R = 0.0 Km to 80° when

RO = 3700 Km would be represénted by a table of pc?i.nts on the curve through
these points. If the optimum stage point longitude and the initial heading are
not invariant with [\ V , the representation is more complex, but the principle
remains the same. Thé representation of the variations in the optimum alti-
tude-velocity profiles with RO and AV _is considerably more complex in
detail than the representation of the heaging and position boundary conditions;
but, again, the principle is the same.

For illustration, consider the optimum altitude-velocity profile from take-off
to the attainment of supersonic velocity. The solid line in Figure 2-7
represents this profile for the 3704 Km offset mission, with the acceleration
and climb being executed at maximum throttle and essentially zero bank
angle. The form of the variations from the reference profile when the vehicle
is banked and throttled are not known at this time. One hypothesis to be tested
is that there is no significant variation in the shape of the profile of altitude
versus velocity when the vehicle is banked at full throttle. If this hypothesis
is valid, the altitude-velocity profile for the acceleration and climb is repres-
ented by one profile for all missions that do not have a subsonic cruise phase.
A subsonic cruise phase for short range missions is expected to introduce
variations in the altitude-velocity profile. A purely hypothetical set of curves
are sketched in Figure 2-7 to illustrate possible variations in the profile with
respect to Ro' in the region from the termination of cruise to attainment of
supersonic velocity. The circled data points would be stored to define the
three-dimensional array of altitude versus velocity versus Ro'

Illustrations of exactly the same form as those given above apply to all of
the other constants and tables required by the guidance system to control the
flight. There are many forms available for implementing the variations

to fit the data of the optimum trajectories. Storage of the data in tables with
suitable interpolation routines however is the most flexible method, and is
expected to require about 800 constants and table values.
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2.4 THE GUIDANCE EQUATIONS '

The system of guidance equations defined in this section implements a . .
combination of nominal path-following and explicit end condition control °

for Stage 1, and an essentially explicit form of end condition control for
Stage 2.

2,4.1 STAGE | GUIDANCE

The definition of the Stage 1 guidance equations is divided into two parts,

The first part defines the equations involved in following a nominal profile,
neglecting off-nominal conditions on all segments except on the final phase

of the turn and on the pullup maneuver. The second part defines the equations
for detecting and treating off-nominal conditions to control stage position and
time, to predict the fuel margin, and to switch rendezvous modes on the
basis of the fuel margin prediction,

K

THE NOMINAL STAGE 1 GUIDANCE EQUATIONS

In the nominal mode, pitch is controlled at all times to maintain the nominal
altitude-velocity profile, while bank angle is controlled in various modes
depending on the phase of flight, Initially, it.is controlled to turn toward
and then hold an initial azimuth command.: On the cruise phases, it is
controlled to steer the great circle course to the commanded nominal start
turn position. On the coordinated acceleration, climb, and turn of short
range profiles, it is controlled by an empirically derived form in time which
fits the optimum profile., In the‘last part of the turn and throughout pullup,
it is controlled to achieve the o'ptirr_xum cross plane inertial position and
velocity at the stage point. Throttle is maintained at its maximum setting in
all except the cruise phases, ' The equations of the prestaging maneuver
define a terminal controller which causes the profile to converge to the
desired altitude, velocity, h‘eading, and cross plane position at staging, The
stage time, which is a free variable, is the principal independent variable

in the control equations. It'is predicted in a simplified integrable form of
the equations of motion.,

The norﬁ'mal equations are ‘defined in detail in Section 2. 7. 3. Only the
details of the principal equations for the treatment of off~-nominal conditions
are given in this section. ~ = - ' '

' i

STAGE TIME AND POSITION CONTROL FOR OFF-NOMINAL EFFECTS

The Supérs'onio Cruise Phase

For long range missions, when Rc') 7 Rc' no corrections for off~nominal timing
are made on the acceleration and climb phase. Course and throttle variations
are started after reaching cruise conditions and are continued within specified
limits throughout the cruise phase, Figure 2-8 illustrates the problem geo-
metry. At time t, the vehicle is at position ( § , @ ), steering to the start
turn position ( § 3 &) ,) on a great circle which intersects the orbit plane
with the azimuth angle A3 The guidance equations for this phase are designed
so that Stage 1 arrives at the staging point at some commanded time, not

SHEET 17
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necessarily equal to the nominal staging time, but such that rendezvous
conditions will be met. The first step in the control process is the
prediction of stage position and time under the current command profile,
Assuming constant turn characteristics and cross plane staging conditions,
the variation of time in the turn is a linear function of the variation in angle
A. The stage time predicted at time t is given by:

a
tg =t + Rcr/ n]c.:scr) tC +Cy (A - Anom). (2.4.1)

where is the throttle command; Scr is the nominal central angle rate
in cruise; Rc is the cruise range angle; C is the time to turn through
the nominal value of angle A; and C,. is the inverse of the azimuth angular

turn rate. The cruise range central angle is calculated from present position
and start turn coordinates as follows:

Rcr = cos Scos&co’s.( e - 93) + gin § sin 53 (2.4.2) 19
The predicted position of staging is now computed for the off-nominal conditions
Ay _
€6+ cy+cnm = Anom! (2.4.3)

where G'is the longitude of the intercept of the cruise great circle with

the target orbit plane and C, and C, are constants of the nominal turn profile.
Next the correction requirea in stage time, §ts, to meet rendezvous conditions
when staging at @s is given by:

A o o
St, = b, - (¢t - Os -’Te” (2.4.4)

where €, and t_are the nominal stage point longitude and time and W_, is

the target orbit a.rs1gular rate in the region of the rendezvous point, & .T

The stage time error Sts is corrected by two control actions -- cruise heading
angle change and throttle command change, Thresholds and limits are
established; if the control commands exceed the limits .or are below the
thresholds, the residual time errors are corrected on the Stage 2 flight profile.
Cruise course and throttle are commanded within limits to correct the stage
time error S ts‘ The logic for course correction is given by:

New A=OldA+C. ( §t_ - £) i §t.>E >0

' (2.4.5)
or New A=OldA+C (Gt - €)if §t.<g <D

The constants &l and 6Z-are threshold s'.ettings which may be asymmetrical
about zero.
Angle A is limited to the r egion:

C7 < (- Anom). < C6

The new value of A determines the new value of the start turn position as

follows:

SHEET 19
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New @3 = Old 63 +_1 (tan A - tan Anom ) cosAnom - (A - Anom) sin Apom

New 93 =0ld §3+1 (tanA - tan Apoy) sin A o #(A = Anom)°08 Anom
Cg T R
cr
Where Cg is the turn radius and R__ is the cruise range angle from present
position 90 the current start turn p%lz'sition. After computing the new value
of range angle to the new start turn position, the new heading command is v
given by: :

cos 53 sin Rcr

‘AZC = arcsin ( (2.4.7) |
w18 8y
The logic for correction of throttle is given by:
M= tom) (1 =Cg( Gt .~ €, LUt gt >E, >0
. R (2.4.8)
or ”I-'c ="rl(n0ffl) (1+C9( sts - Ez))‘ , i Sta<£‘1<o
~ R
cr
within the limits: ‘
.' 4 ) < i . . .
‘Clo - qzc ! _ RS

L v‘\
The constants £, and &, set the threshold of stage time correction by
course and speed "control,” Factors considered in setting the threshold are
accuracy of prediction and the mode of rendezvous. If the rendezvous mode
is by parking orbit, the threshold is in the neighborhood of one minute; if
the rendezvous mode is direct ascent, the threshold is in the neighborhood of
twenty seconds, The constants C, and C set nominal limits on the range of
course changes allowed; the constant Cl limits the range of throttle control;
and the constants C and C determine the relative weight of course and

speed corrections when the commanded variations are above the thresholds
and within the nominal limits,

Stage Time Control When R < R_.

For short offset missions when R_ = R , the Stage 1 profile does not include

. . o . I
a supersonic cruise phase of sufficient duration to employ the  explicit
method of prediction and control of stage conditions defined above. A form
of implicit control is proposed for this case. Bank angle is controlled to
constrain the trajectory to follow the nominal latitude-longitude profile; throttle
is controlled to maintain the nominal time schedule within specified limits;

and pitch is controlled -~ as before -- to follow the nominal altitude velocity
profile, _
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. The problem geometry is illustrated in Figure 2-9. The nominal latitude-

longitude-time profile is defined by a three argument table of points
s e.., )t recorded by the Nominal Profile Generator on the
OI NP
N o

14
last HNeratidn G 2. The segment boundary conditions, which are part
of this profile, are denoted by ( S i’ ei’ti ), i=1,2, ..6. The present

position of the vehicle in flight is denoted by ( & € ) without subscripts.
. L]

The equations on take-off and acceleration and climb to subsonic cruise con-

, ditions are identical with the nominal guidance equations, In cruise, the bank

angle is controlled to steer the start turn point ( S.a,i @3 ) and throttle is

varied from nominal within limits to arrive at { § 3 @;) at the nominal time
ts. Throttle control is given by: : -

-

/7;="K_(nom.)(1+cll- =t (2.4.9)

Rer
wheretN-t= fz-—['f'-f;_] S—Sz_
- -tz’—tL 53_82.

to give a time correction that is a function of the cross-plane distance to_go.
7, is constrained within the limits:

ClZ < /'IQ ﬁ'c‘l3

The next phase of off-nominal control begins at ( 53, @3) and ends at

( 8 = 4), avhich are the boundary conditions for the {irst phase of the coord-
inate‘%l climb, ®cceleration, and turn, The pitch centzol equations for this path
segment are such that the nominal altitudesvelocity profile is followed. The
bank angle control equations are such that the neminal latitude -longitude profile
is followed., Off-nominal conditions on the latitude-longitude profile are meas-
ured by the perpendicular and parallel distances of present position from the
nominal profile. These off-nominal variations are corrected by bank angle and
throttle commands. The steps to implement these commands follow,

Let the vehicle be at position ( S , © ) at time t. The normalized distance on
a unit sphere from ( § , © ) to the ith peint on thel( S N’ @N) profile is
given by: & T P B

o ’ ' : 2
D, = ﬁS- SNi)Z+( (@-@Ni)cos SNi) (2. 4.10)
‘Neglecting the time variable, the cross track trajectory error is defined as the
normal distance from ( § , © ) to the nearest segment connecting two consec-
utive points of the nominal profile: Phe nearest segment is found by a simple
search on D;, selecting the two points with the smallest value of D;. Let their
subscripts be jand j + 1. The length of the segment defined by the two points
is given by:

D= J(SNj+l - SNJ. )2+( (@NJ.H-@Nj) cos SNJ.Z (2.4.11)
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The length of the normal distance from ( $ » ©) to the segment is given by:

2 2 2
d=D . +(D.”-D.,,-D
3+ D in ) | (2.4.12)
«D

The intercept of the normal and the segment divides the segment into two
parts of length:

2 2 2
d, =b°.p. % .D
1) i+l (2.4.13)

ZD
and d,=D-d

The nominal time at the interior point of the segment is approximated by:
St td e, -t ) (2.4.14)
f'N tN) 1 nj+1 tNJ o
D

Stszt'tﬁ

The trajectory cross~track and time deviations from nominal at time t are
equal respectively te d and (t - t;). A weighted average of the d - deviations
over a time period preceding time t yields an estimate of the rate of change

in the deviations under the commanded control. The nominal bank angle con-
trol is}perturbed in proportion to the cross-track error history as follows:

$.= ¢ Mom)+C,.d+ ¢, a ‘_ (2.4.15)
where é is the output of the d-averaging process.

Throttle control is given by:
C

. ’qc = nc (nom) . (1 + { 15 ). | St- 23);51' (2. 4.16)
| Cie (tg=t) + Cyq | |
_ . |
or = fnom) . (1 + ( 15 N .
™ . is constrained within the limits:
C1g= ”1; = C19
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The constants € 3 and 84 set the threshold for time corrections on the
tarn. The threshold magnitude is a function of the accuracy of prediction
and control. Work to date indicates that it will be in the neighborhood of one
minute. The constants C1 ,» C 6 and C1 determine the response character-
istics of the throttle contrc?l to t{'xe estima—\(.ed error in time schedule, The
equation given is of the simplest-first order- form, in which the constants
will be selected to produce an over-damped system. The constants C18 and
C19 set limits on the range of throttle control.

The control described above is terminated at the start of the second phase of
the turnat ( § 4° @4 , t4). From this point through staging the in-flight

control equations are identical with the nominal equations defined for the
Nominal Profile Generator. These equations are adaptive in seeking to
follow a well-defined nominal cross-plane profile as well as the altitude-
velocity profile,
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FUEL MARGIN PREDICTICN AND RENDEZVOUS MODE CONTROL

The nominal thresholds and limits imposed on Stage 1 course and throttle per-
turbations in Equations 2.4.5 and 2.4.16 leave a residual stage time deviation
from nominal to be accounted for on the Stage 2 profile. This deviation and
the. predicted fuel margin at staging are the two independent variables in the
logic for determining the rendezvous mode and for signalling abort conditions.
The equations for predicting Stage 1 fuel margin are outlined first and then
the logic for mode control is defined.

STAGE 1 _FUEL MARGIN PREDICTION, SUPERSONIC CRUISE PHASE

The estimate of Stage 1 fuel margin at staging on the supersonic cruise phase
is based on the current time prediction and on the profile &f fuel weight
flow as a function of throttle profile. The equations contain the following
constants which are to be derived in preflight analysis:

020 =--nominal fuel weight flow on the supersonic cruise phase;

021 =--the deviation from nominal fuel weight flow with respect to
: throttle deviation from nominal for the supersonic cruise phase;

022 --nominal fuel weight flow on the turn phase prior to the start of
pullup;

023‘ --nominal total fuel welght for the turn and pullup phase;

Let E(t) and E(%s) represent respectively the fuel weight remaining at present
time t and at the pggdicted stage time tg. E(t) 1s given in flight by a fuel
gauge reading and E(ts) i1s the difference between the fuel gauge reading and
the estimate of the fuel required on the remainder of the flight to the stag-

- ing point. From Equation 2.L4.1, the predicted time to the start turn position
from time t is Rcr7 c¢Scyr and the deviation from nominal in the turn time is
~equal to Co(A-Apom). The fuel weight flow on the supersonic cruise phase under
the throttle command . is equal to Cog + Cop (e = "lyom)+ Combining the
product of fuel weight flow and time on the cruise, turn, and pullup phases,
the estimate of fuel remaining at stage time 1s given by:

E(ty) = E(t) - or [Ceo +Cy ""("c "7,nom)] = C22 (A - Anom) - Co3
”Ic ® Ser
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STAGE 1 FUEL MARGIN PREDICTIOIN ON THE COORDINATED TURN OF SHORT OFFSET MISSIONS

The fuel margin prediction on short offset missions is based on the fuel re-
quirement on the nominal profile. The vehicle is constrained to follow the
nonminal latitude~longitude profile stored by the Nominal Profile Generator,
as illustrated in Figure 2-9. With each point (SNQ’ @Nj’ th) on the

nominal profile, a fourth profile variable is recorded, namely ZSWhJ, the
nominal fuel weight expended from time th to the nominal stage time., Equa-
tion 2.4.1k gives the formula for the interpolated nominal time ty corres-
ponding to the present time t when the vehicle is at position (5/ 8). The
corresponding estimate of A Wy is found by interpolation in the table of fuel
welghts versus time, with ty being the argument of the independent variable.
The estimate of fuel margin at staging is then given by the difference between
the present fuel gauge reading and.[§Whj: '

E (ts) = K (t) -[)".'TNJ

The minimum allowable fuel margin at staging will be given by a tabular func-
tion of the distance from the stage point to the landing point. Let the value
of this variable for the chosen landing .site be represented by E,. When

E (t}) - ¥y reaches a specified minimum, stage time control is suppressed for
the remainder of the mission. On the short offset profile, this means that
throttle is maintained at nominsl. On the long range mission, throttle is
maintained at nominal and the cruise heading is controlled to follow the
current great circle course. These limits, imposed by the critical state of
Stageé fuel margin, supercede the limits defined in Equations 2.4.8 and
2.4.16.

RENDEZVOUS MODE COLiTROL

On long range missions, the nominal rendezvous mode is by direct ascent, with
the nominal orbit to the start of the terminal phase being a nRear-Hohmann
transfer. The guidance equztions implemented for Stage 2 solve explicitly
for the initial boost cut off conditions required to meet rendezvous condi-
tions, and are therefore adaptive to.off-nominal staging conditions. However,
as stage time deviates from nominal, the Stage 2 fuel requirements increase.
The constants gjand E2 set the upper and lower bounds on stage time corres-
ronding to the allowable Stage 2 fuel penalty for stage time. ‘Vhen the stage
time deviation is greater than £1 , that is, when stage time is too late for
a direct ascent, the rendezvous mode is switched to the parking orbit mode.
When the stage time deviation is less than Z£p, that 1s, when stage time is
too early for a direct ascent, a secondary mode or an abort mode must be
activated.

On short range missions, the nominal rendezvous mode is by parking orbit. The
constants 63 and gl set the lower and upper limits on stage time deviation for
the nominal parking orbit attitude. The upper limit g) is determined by the
maximum allowable parking orbit time. When stage time deviation exceeds g€}
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a secondary or abort mode must be activated. The lower limit 83 is a function
of the parking orbit altitude. Vhen stage time deviation is less than €3, the
rendezvous mode is switched to direct ascent or to a secondary mode.

Several forms of secondary modes may be specified within. the framework of the
guidance equations for the primary modes. The Stage 1 landing site may be
changed to open the limits on Stage 1 course and speed ‘control; the parking
orbit altitude msy be varied from the minimum altitude to altitudes above the

target orbit altitude; or a secondary orbital mission not involving rendezvous
may be executed.

2.4.2 STAGE 2 BOOST GUIDANCE EQUATIONS

Transfer to Parking Orbit

When the rendezvous profile includes & parking orbit, the Stage 2 boost pro-
file is controlled to achieve boost cut off conditions for a near Hohmann trans-
fer to the parking orbit altitude. The optimum boost cut off radius, r,,, and
flight path angle, K&o, are functions of AV, to be derived in preflight analy-
sis. The form for rep is one of the variablés defined by the Nominal Profile
Generator, and Xco is expected to be a linear function of AVg as follows:

8 = Co0 * Cor K AV,

co

The magnitude of the cut off velocity is an explicit function of T'cos Xgo,'and
the radius of the parking orbit Yg: ' :

An explicit solution for thrust axis control, based on a linear form of atti-
tude versus time-to-cut-off, is proposed for Stage 2 guidance to the desired
transfer orbit conditions. The equations are documented in Reference 1
and have been programmed in a simulation documented in Reference 2 . This
simulation was used to obtain the accuracy and rayload penalty numbers reported
in Section 2.5.

b

DIRECT ASCENT TRANSFER TO RENDEZVOUS

The equations for guiding Stage 2 to a specified cut off altitude and velocity
vector must be modified to constrain time and position in the direct ascent
rendezvous application. As they stand,time and down range angle are treated
as free variables but they are calculated as part of the cut off condition
prediction equations. A method of meeting the rendezvous time and position
constraint is outlined in Figure 2-10. The system of equations defined in
Reference 1 are utilized exactly as for injection into =a parking orbit,
with the exception that the injection flight Path angle is perturbed instead
of fixed. The perturbation is determined on each iteration as a function of
the commanded boost cut off radius and velocity, the predicted boost cut off
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time and range angle, and of the commanded rendezvous position €9f. The
rendezvous position is also varied within limits in seeking a solutim for
rendezvous conditions.. The 1initial boost cut off conditions, including
flight path angle, are determined as functions of ZSVE using the same equa-
tions defined ebove for parking orbit injection. The computation steps on
each iteration are: o

(1) Predict boost cut off time and down range angle, using the
. current solution for the attitude profile. (Equations of
reference 1).
(2) Solve for the attitude control parameters as a function of
commanded boost cut off radius, velocity, flight path angle,
and predicted boost cut off time. (Equations of reference 1)

(3) Compute vehicle coast time ATz ; from boost cut off to Sy,
using Lambert's equation. Predicted rendezvous time: ‘l:: =t +At3, N

(4) Predict target position at time tr, Qo

(5) Move the rendezvous point to reduce the a.ngle between @T
. - S —

and ©r: New € = Old O + K(€, &,)

]

(6) Compute target time at the nev Q.

(7) Correct boost cut off fligﬁt i:ath angle? differentially in
proportion to the time difference (¢ - (45 ).

Repeat Steps (1) through (7) on the next computation c&cle, using the updated
values of flight path angle and attitude angle_ profile parameters.

" The equations for coast time A't,_/ ’ are an implementation of Lambert's equa -
tions, as follows: :

=\ > . Ly *~ ) _ :
Q = V“ ain¥ . T o coast ellipse semilatus rectum

_ =1 .
*= rn c.os(é("'Q,)

coast ellibse eccentricity

a = /( - 'coast ellipse ‘.semi-'major ‘axis
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-5 =

At =f§[°ﬁ-/#~wt R I

or My, = :ur(f:/?——".— l)[oc-woc—/%-i-/w‘?@] 4 <o

where

| , Reo +70, +C
o = clfbcfaxauav/ CO?QQ, s

“

il

A

12 LN ) "'\/ /I'C.o 4‘/’14_' -
qa

-y

C = RS+ RE = 2n, ke e (O, - 0)

SHEET 30

US 4802 1434 REV, 8-865




P
/

USE FOR TYPEWRITTEN MATERIAL ONLY

NUMBER D2-113016-7

e MBEVLEISES coneany REV LIR

-6 -

2.5 ESTIMATED PAYLOAD PENALTIES DUE TO GUIDANCE EFFECTS

Estimated payload penalties associated with off-nominal conditions sre
swmarized in this section for the 3704 KM (2000 n.m.) offset mission.
The Stage 1 and orbital guidance penalties were obtained analytically,
while the Stage 2 boost penalties were obtained by combining simulation
and analytical results.

The Stage 1 penalty estimates are based on the following assumptions:

o the command altitude-velocity profile is accurately maintained
without & significant fuel penalty in the presence of all off-
nominal environmental and vehicle parameters; ’

o continuous adjustment of vehicle course to maintain a fixed
start-turn point after the supersonic cruise phase does not incur

a significant fuel penalty in the presence of cross-track winds
and thrust axis control errors.

Under the above assumptions, the penalty due to the off-nominal conditions
on Stage 1 flight is completely identified with the penalty for overcoming
time schedule errors. Thus the combination of all off-nominal conditions
from take-off to the start of the cruise phase are represented by a time
error. Open loop simulation runs were made to determine the sensitivity

in time at the start of the supersonic cruise phase with respect to off-
nominal environmental and vehicle parameters. These are summarized in
Figure 2.5-1, Volume 3. The one-sigma time error due to each source error
is the product of the sensitivity coefficient and the one sigms estimate

of the dispersion in the source parameter. Assuming that the error sources
are inkpendent, the total time error at the start of cruise is equal to the
root sum square of the one-sigma errors due to each source. Appendix A2

of Volume 3 gives the method of analysis by which the fuel penalty was
computed for correction of time errors at the start of cruise by several
methods of guidance, includiag that of cruise course adaption and speed
control defined in Section 2.4t of this Volume. Table 2.5-1 of Volume 3
summarizes the results of that analysis. Information from that table is
extracted in the summary which follows.

Finally, the explicit guidance system for Stage 2 boost was tested in a set
of simwlation runs to determine the sensitivity in payload penalty to initiall
condition errors and vehicle parameter uncertainties. The first run was with
noerrors in the initial conditions or vehicle parameters, but with an arbi-
trary ccnstant thrust level equal to the maximum thrust level of the optimum
profile described in Volume 2. The mass at boost cut off was the reference
mass for the remaining mass penalty studies. The mass in orbit for the ex-
Plicit guidancz method was obtained by subtracting an analytically determined
fuel weight fc. injJection into orbit at rendezvous. The difference between
this mass in orbit and that obtained on the optimum profile is negligible.
The payload penalty, therefore, for non-ideal profile generation by the
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explicit guidance technique is estimated to be negligible when the rendezvous
mode is by direct ascent. When the rendezvous mode is by parking orbit,

the penalty due to the use of the parking orbit mode is in the neighborhood
of fifty pounds.

The payload penalties due to navigation system errors are also included in
the. summary which follows. The numbers are extracted from the analysis re-
ported in Section 2.5 of Volume 3.

All of the material referred to above is summarized in Tall e 2-1 with the
levels of environmental and vehicle parameter error sources set at their
expected one-sigma level, and with the navigation system accuracy of both
Stage 1 and Stage 2 at the medium high level. It is seen that the total
estimated payload penalty for direct ascent is 90 KG (200 pounds) and for
the parking orbit mode 93 KG (205 pounds).
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Table 2-1

Payload  Penalties Versus Rendezvous Mode

For Three Sigma Dispersions

3704 KM (2000 N.M.) Ortset Missior
Payload Penalty in kg (lbs.)
!

Off Nominal Condition

Direct Ascent

Parking Orbit

Each Each

L Source  RSS Source RSS
Stage 1
One minute time error,start cruise | 27 (60) |27 (60) ——— -——
Stage 2 boost 34 (75) 32 (70)
Initial Conditions:

120 secs, stage time 11 (25) TR

-190m (=620 ft), altitude 28 (62) 28 (62)

-3m/sec (-10 FPS), velocity 11 (25) 9 (20)

-3m/sec (~10 FPS), alt. rate 3 (11) 3 (1)
Propulsion:

5% thrust 9 (20) 9 (20)

5% specific impulse 7 (16) 7 (16)
Stage 2 Orbital 23 (50)
Non-ideal trajectory 23 (50)
Terminal Rendezvous 32 (70) - 36 (80)

20 secs, stage time 23 (50)

Navigation errors 23 (50) 36 (80)

' i

TOTAL RSS 93 (205) oL (200)
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2.6 COMPUTER REQUIREMENTS

The memory and computation speed requirements for implementing the guidance
system outlined in section 2.4 are presented. The memory requirements are
defined in terms of the number of instructions and the number of constants
which must be stored. The speed requirements are defined by the peak load
computation relative to allowable computation time interval. The estimates
are based on detalled programming work performed on a number of projects,
including Dynasoar vehicle computer work, the Saturn V Launch Vehicle

Guidance and Navigation functionzl description, and computer studies for
the AGM-69 program. : :

The computation functions involved in the Stage 1 guidance equations are
listed in Table 2-2 with the estimated number of instructions and constants
for each function. The navigation system computations are included.

They constitute about 17% of the total number of 12500 instructions and
constants. Given a six-bit operation code =--- 64 basic instructions =-,

a three-bit address index and instruction modifier code, a lh-bit

address code, and one parity bit, the instruction word size is 24 bits.
Allowing 2000 2h-bit data words for scratch pad memory and 1500 words for
estimate error, the total memory consists of 16000 2L-bit words.

The maximum. computation speed requirement on Stage 1 occurs in the real-

time in-flight integration of the acceleration data on the acceleration
phases of flight. The acceleration components are integrated by summing
increments of velocity over very small periods of time, so the computation
speed requirement is a function of acceleration magnitude. Since the accelera-
tion on Stage 1 flight is less than on typical booster flights, and the
guidance functions are of no more complex form, it is concluded that state

of the art computers designed for space boosters will meet the requirements
for Stage 1 in-flight computations. The add and multiplication times are

in the neighborhood of 12/'s and 50 ‘s, respectively, which may be classified
as of medium speed in the state of the art. The preflight Stage 1 flight
simulation equations are of a more complex form than the in-flight navigation
equations, but the computation speed requirement is not higher. It 1s esti-
mated that the simulation of the 2000 n.m. flight will take less than five
minutes on a medium speed computer. Profile generation will require nominally
two iterations, but never more than three, bringing the maximum time for
final profile generation to fifteen minutes. The approximate profile, suffi-
cient for the early part of the count-down, will be obtained in less than one
minute. . Since the minimum lead time for each launch opportunity is 1.5

hours -- the time between launch opportunities -- it is concluded that a
medium speed computer will meet the Stage 1 requirements.

The computation functions for Stage 2 navigétion and guidance are listed
in Table 2-3, with estimates of the number of instructions. A medium
speed computer -- 12 *s add and SO}Ls multiplication times -- meets the

Stage 2 computer requirements.
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TABLE 2-2

STAGE 1 COMPUTER FUNCTIONS AND
ESTIMATED NUMBER OF INSTRUCTIONS

: : Estimated
Function Number of Instructions
Executive Prdgram 500
Arithmetic Subroutines : koo
Computer lLoading 150
Telemetry Input-Output 300
System Checkout#* 1300
Inertial Navipgation System Equations
Pre-process of Accelerometer & Gyro Data 200
Integrate Acceleration Equations to Obtain 500

Posgition and Velocity -
Update Inertial System With Optimal Filter 1500
of Observations (Omega and/or Nav Sat)
: Navigation Updating System
Omega or Navigation Satellite Boo
Nominal Profile Generator
Executive Routine (Includes Iteration Oontrol) 500
Approx. Stage 1 & Stage 2 Boundary 150
Conditions (NPGl)
Nominal Stage 1 Guidance Equations 800
Simulate Total Acceleration Vector** 800
Integrate Equations of Motion 500
Coordinate Conversion 200

Data Recorder 100

Control Tables & Constants 800
In-Flight Guidance Equations¥**
Supersonic Cruise 200

Coordinated Turn-Climb 300
Fuel Margin Estimation & Rendezvous Mode Control

8
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TABIE 2-2 (Continued)

STAGE 1. COMPUTER FUNCTIONS AND
ESTIMATED NUMBER OF INSTRUCTIONS

ESTIMATED
Function NUMBER OF INSTRUCTIONS
Prelaunch Second Stage Checkout &
Range Safety . 200
Recovery and Return to Base 200
Pilot Displays and Controls 500
TOTAL 12,500

* Portions of this are utilized for in-flight system checkout
%%  Tncludes thrust and air density tables
¥¥% TIn addition to the nominal guidance equations
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TABLE 2-3

STAGE 2 COMPUTATION FUNCTIONS

FUNCTIONS

ESTIMATED NO., OF INSTRUCTIONS

Executive Program 300
Arithmetic Subroutines 300
Computer loading 100
System Checkout 600
Inflight Checks 200
Navigation System
Inertial Navigation 800 -
Platform Alignment 500
Target Prediction 500
Explicit Boost Guidance to V,h,% Conditions 1000
Explicit Orbital Prediction
Time Prediction 500
Time Pred. Applied in Boost Guidance .
for Rendezvous 300
Time Prediction Applied in Orbital Guidance 300
Terminal Guidance 800
Constants 100
TOTAL - 6100
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2.7
2.7.1

2.7.2

Development of Detailed Equations for the Nominal Profile Generator

Introduction

A system of profile generating equations is defined far preflight
construction of the flight profile to the rendezvous point with a
specified target in orbit. The nominal profile generator (NPG)
consists of a two-phase process. The first phase, designated NPG-1,
produces an approximate solution with end condition errors in the
order of 120 N.M. The second phase, designated NPG 2, reduces the
end condition errors to 1 N.M.

Two coordinate systems are employed in the equations: the conventional
Earth-relative system with geographic latitude and longitude (X, [ )
respectively, and the inertial system (XYZ) shown in Figure 2-11.

The Z axis is directed along the vertical vector at the predicted
position of Stage 2 boost cut off. The X and Y axes are directed

along the horizontal vectors in and normal to the target orbit plane

at the position of boost cut off. The geographic coordinates relative
to the target plane are represented by ( 5, & ) with the longitude ( © )
measured in the target orbit plane from the ascending node (-A_ ), and
with latitude ( § ) measured from the orbital plane.

The transformation from () /") geographic coordinates to (Eiéa) orbital
plane coordinates 1is given by:

&= arcsin [sin (I48) - stn ] 2.7.1
5= arc cos [so_szs
cos §
vhere,

o = arc cos [cos A cos (!L—/’)]
,F? = arc sin IEEELJ&-] |

sin o

The Nominal Flight Profile Generator Initial Mcde (NPG-1)

The system of equations for generating the epproximate nominal flight
profile for rendezvous with a specified target is defined. The nomen-
clature involved is swumarized in Table 2-L4.

The principal features of NPG-1 are:

o The Stage 1 profile is divided into segments which are repre-
sented by arcs on a non-rotating Earth. The segment boundary
conditions and arc lengths are approximated by empirical
functions of the great circle distance from the base to the
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FIGURE 2-11

TARGET PLANE ORIENTED COORDINATE SYSTEM

CONVERTIONAL GEOGRAPHIC LATITUDE

CONVENTIONAL GEOGRAPHIC LONGITUDE

TARGET ORBIT PLAME ASCENDING NODE

TARGET" ORBIT PLANE INCLINATION

LATITUDE RELATIVE TO TARCET ORBIT PLANE

LONGITUDE IN TARGET ORBIT PLANE
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TABIE 2-4 NOMENCIATURE FOR NPG' 1 GEOMETRIC
REPRESENTATION OF PROFILE ,

position and time of ith Stage 1 segment end point
in spherical coordina@es relative to the target plane

Stage 2 orbital segment arcs

time on orbital arcs

Stage 2 boost arc

longitude of stage position in orbit plane (measured
from node)

latitude of stage position from orbitplane

predicted rendezvous point
target time at €§%

Earth rotation rate and easterly horizontal velocity
at equator .

Earth gravitational constant

radius vector of circular parking orbit

semi-major axis - l
eccentricity
: ' Target

t of perigee
érgument ot perige - Parameters

inclination

ascending node

time at perigee

radius vector at perigee and apogee
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target orbit plane, Ry These functions are obtained by the
process of fitting curves to profile data generated in pre-
flight simulation, as {llustrated in paragraph 2.3.

o The Stage 2 boost segment boundary conditions are approxi-

- mated by empirical functions of the variation in inertial
velocity-to-be-gained Avg on the boost phase. These boundary
conditions also are obtained by the process of fitting curves-
to profile data generated in preflight simulation.

o The orbital profile segments are obtained explicitly by the
formulae of Keplerian orbit mechanics. ‘

'i'he overall process of NPG-l is iterative, starting with an estimate of
Btage 2 boost cut off time, too. The computations on each iteration
consist of the following set of consecutive operations:

(1) Determine the position of the orbital plane at estimated time
teor

(2) Determine the polar coordinates of the base location in the (f,@

aystem. The offset distance, Ry, 18 equal to base latitude in
the system. :

(3) Select the rendezvous mode, with selection depending upon the

magnitude of Ry, and eccentricity of the target orbit. Determine
the central angle and time increments of Stage 2 orbital seg-
ments for the mode selected.

(4) Determine the variation,AV,, of inertial velocity at Stage 2
boost cut off from a reference cut off velocity. Determine
the Stage 2 boost segment cut off altitude, central angle, and
time increments as functions of the velocity-to-be gained
vatriations, AV g '

(5) Determine the stage position coordinates, 5 g and @5 aé functions
of the parameters R, and AVg.

(6) Combine the segment arc and -time increments obtained in 3,k, and
vy
> with the current estimate of boost cut off time, t o Yo

obtain the estimate of rendezvous position @f and tide te and
stage time tg.

(7) Determine the time t,_, at which the target arrives at the pre-

dicted rendezvous pogition, @f. The new estimates of Stage 2
boost cut off and stage time are: \

tco = omtco+KT(tT"tf)

t, = OLDtB +xqr(t,r-tf)
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(8) Determine the segment arc and time increments on Stage 1
from take-off to the start of subsonic or supersonic cruise.

(9) Determine the segment arc and time increments on Stage 1
from the stage point backward to the end of the cruise phase.

(10) Determine the time interval on the cruise arc defined by the
end points obtained on 8 and 9.

(11) Add the Stage 1 segment time intervals obtained in 8, 9, and
10 and subtract from stage time to obtain take off time, to.

The process defined by operations 1 through 1l is iterated until
convergence criteria are met on (tT - tf). The equations for each of
- the operations follow.

NPG-1 Equations

(1) Target Orbit Plane Position at Time tco.

The location of the target orbit plane is the first step in
defining a specific mission profile. To predict the location
of the plane, the effect of orbit perturbations must be
considered. The ascending node of the target orbit plane at
the last orbit parameter update time t', is computed from the
orbit parameter input data. The node Srecesses at a rate
which is a function of the semi-major axis (d), eccentricity
(e), and inclination (I) of the orbit. ILetting it be repre-
sented by fl’ the position of the node at time tco is:

Altyg) = AL (6 -t) + 2 (¢ -t 8, e, I)

where Wé is Earth rotation rate.

(2) The Parameter R,.

The target plane offset distance from the base, R , 1s equal to
latitude of the base in the target-oriented coord¥nate system.

The longitude of the base in this system is also required in

later equations. These coordinates are obtained by substituting
the base geographic coordinates, \ o and ["o in the Equation 2.7.1.

(3) Rendezvous Mode Selection and Orbital Segments

The profile generator automatically selects one of three possible
rendezvous modes depending on the value of R_ and the target
orbit eccentricity e. The criteria for switching between modes
are formulated during the preflight mission planning. The
objective of alternate modes is to minimize fuel penalties for
the specific flight conditions of the mission. The three modes
or cases are:
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Case 1: circular target orbit and Ro)Rc: the nominal
rendezvous mode is by direct ascent.

Case 2: circular target orbit and Rg$R,: the nominal
rendezvous mode is by parking orbit.

Case 3: eccentric target orbit: the nominal rendezvous
: mode is via a two-phase parking orbit.

The offset distance R, at which mode is switched from parking orbit .
to direct ascent is to be determined by study of payload penalties
versus off-nominal conditions accumulated during the take off and
accelerations phases of the mission. It is expected that for long
range missions, adjustment in course and speed on the cruise phase
will compensate effectively for off-nominal conditions accumulate.
during the take-off and accelerations phase of the mission. For

short range missions on which the cruise range is limited, the parking

orbit is used to compensate for off-nominal conditions.

The segments of the stage 2 orbital elements are now constructed
from the rendezvous point in steps back to the staging point. Wren
the staging point is defined later, the position of rendezvous and
the time of arrival of the launch vehicle at that point are calcu-
lated by Joining the orbital profile to the stage 1 profile at the
stage point. The stage 2 orbital phase profile segments may have
up to four arcs characterized by central angle increments l&@ 2,1
and time increments Atp,i (1 = 1,..,4). These orbital arcs are
defined for the three rendezvous mode cases as follows:

Case 1, Direct Ascent

BBy m M vm €D
r +r 3/2 .
Aty = (s (a 3 °°> + gy(fa) 2.7.2
2

=
A2 = °

: At2,i 0

i-= 2)391‘

MAs the Earth's gravitational constant, rg 1s the target orbit
radius from the center of the Earth, and rqq is the radius of posi-
tion at Stage 2 boost cut off. In general, the value rco is a
function of specific mission conditions and is one of the variables
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determined by iteration. A later equation of the NPG-1 process
produces the new value on each iteration. The initial value is
that for a nominal mission. Case 1 implements a near Hohmann
transfer directly to the target orbit from boost cut off. gl(ra)

and gy(ry) define the slight variation from & Hohmann transfér
due to drag.

Case 2: Single-Phase Parking Orbit

A@a,l = 1800 + gl(ra)
N\ 3/2 1.
= + -
A\ "2 |
rp 18 the radius of the circular parking orbit. Case 2 im-

Plements a Hohmann transfer to parking orbit altitude from
boost cut off.

l&é92,2 = Zxé%’nom --coast angle in the parking orbit.

A is selected by study of the expected value of off-
no
nominal s%age times.
A8 - Y2 '
P nom T [ro\7* e
At = d { P) . . 2'07"‘
2,2 1800 ,,;, .
= 180°
Aée, 3.

.At2’3 - %C;(r'r ; rP) 3/2

’ [Séaz is the arc of the Hohmann transfer from the parking orbit
to fge target altitude. .

1
o

2.7.5

Case 3: Eccentric target orbits, rendezvous by a two-phase
parking orbit.

A62,1 = 180° + g1(ra)

Aty = .”I(f_e__f__fgg 32 4 gplra) 2.7.6
/T W

1&%;2 1 is the arc of a Hohmann transfer to the initial parking
’
orbit.
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()

68, , = W+ 180° - (@, +AG, + A8, )

At2,2 - 7__‘l)_"_’ (rP) 3/2

A8, , 1s the coast arc in the parking orbit. It is terminated
at %he crossing of the line through target apogee. W is the angle
of perigee of the target orbit relative to the line of nodes. &
and A are segment parameters determined by later equations of
NPG-1. “The initial value of &_ 1is &, the longitude of the base
in the XYZ system. The initial®value Of ABy 1s the boost angle
for a nominal mission. )

A@2,3 180 .
32 [ L ] ']
At, o =T7P T /
SR/ N

A@a is the arc of the Hohmann transfer from the parking orbit
altitude to target orbit perigee altitude.

Ag, ), = 18°

Aty ), = ]/I.; (rp + 1) 3/2 | 2.7.8"

A@z 4 is the arc of the Hohmann transfer from target perigee
al@itude to apogee altitude.

The Stage 2 Boast Phase Parameters

The approximate Stage 2 flight profile is completed by deter-
mining the central angle incrementA& .from staging to injection
into the transfer orbit, and the associated time increment Atg,

an8 the radiuvs at transfer injection cut-off, T

These parameters-- A@B, A, ‘(‘co -- are functions of the inertisl
velocity-to-be-gained during the Stage 2 boost phase. The velocity-
to-be-gained depends:on the target orbit inclination and the lati-
tude at staging (the component of Earth's rotation) and also on h':
the radius of apogee of the transfer ellipse.

r' = p , the target orbit radius, for case 1;
r' = 1p , the parking orbit radius, for cases 2 and 3.

US 4802 1434 RE Y
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The variation AV_ in the velocity-to-be-gained from a reference
cutoff velocity Vco(ref) and from the reference component of Earth's
rotation rate Vg(ref) is:

AVg = [Veo - Veolrer)] - [Vg - Vglret))

LY

- Ja T - v (rer) 2.7.9

L
Teco TeotT

et - e A 5)

)Aj.s the latitude of the staging point, I the inclination of
the target orbit, Ve the easterly horizontal velocity at the
equator due to the Earth's rotation, and (/\R ,IR) are latitude
and inclination at a reference staging point.

The paraneters déscribing the second stage boost are now given as
functions of the variation in the velocity-to-be-gained. The cut~-
off radius, ro,, 18 assumed to be quadratic function of AVS:

Teo ™ Tco(ref) + ¢y + oAV + c3 (Avg)z ~ 2.7.10

The time variation during this segnent is assumed to be a linear
form plus an exponential inAV,. The exponential term accounts
for the substantial part of the excess velocity that will be
achieved during the final seconds before boost cut-off.
=C¢ Avg
Atp = Atg(refr) + Cy-AVg + Cge +Cq 2.7.11

The variation in central angle is derived explicity from the

variation in Mtp, »

AB. = AS_(ref) + 1 (cq + cp Atg)in(cq + cgAty) + ¢ 2.7.12
B BT cg 9 8 B 9 " "8&"B 10

The ¢4 in the above equations are constants that are to be

determined to produce the best fit of these functional forms
to the end conditions obtained by trajectory optimization.

Step () completes the construction of the stage 2 flight
segments. The stage point parameters are now defined by
step (5). The orbital segments are then added to the stage point
parameters, to obtain the estimated rendezvous position and time.
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(5) The Stage Point Parameters

The position of staging relative to the target orbit plane is
primarily a function of offset distance Roe An empirical function
of R, will be developed which best fits the data produced by
optimization. For fixed values of geographic latitude at staging,
target orbit inclination, and transfer orbit apogee » the stage

point coordinates will be given by as yet undefined empirical
functions of R,:

es = @o + Ga(Ro)

2.7.13
88 = G3 (Ro)

The optimum stage point will also be effected in some degree by
the variation in magnitude of velocity-to-be-gained, AVg. Assum-
ing that the variations with respect to R, and A Vg are not
correlated, the stage point coordinates are given gy functions
of the following form:

6 = §, + 6y (Ry) + gy (AVy) :
2.7.1h4

&s = G3(R)) *+G5(AV,)

- If the variations are significantly correlated, the best empirical
form has to be found by experimentation.

(6) The Predicted Rendezvous Location and Time

The arc increments,”A@, obtained in (3) and (&) are now added

to the stage point coordinate €, to obtain the predicted location
of rendezvous: ’

4
& = g +AG+ Z Lo 2.7.15
: ‘ =1

The orbital arc time increments defined in Equations 2 through
12 are added to the current estimate of too to obtain the pre-
dicted rendezvous time. The Stage 2 boost time increment ob-
tained in (4) is subtracted from too to obtain stage time:

4
+
tf tco quAf?, i

tg

2.7.16

tco - AtB
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(8)

(7) Target Position and Time Prediction and Time Error Signal

The target orbit parameters given with the most recent update
include, ¢t ', at some perigee crossing before time t.. The time

at the per?gee crossing, tp, just prior to time ty 18 obtained by
adding a multiple of the orbit period to time t', with a correction
for the precession of line of apsides in the ingerval (tp - té).

The rate of precession is a function of target orbit semimaJor axis,
eccentricity, and inclination. Let the approximation be represented
by the function Then:

tp = t& + Vr—1 + f2 (tp = téo I, a, e) 2.7.17

The integer m 18 chosen so that tp < t,.

If the target orbit is circular, the function fo = 0, and the
perigee axis is set arbitrarily at the node so that target 1s at

the node at time + Since the reference for longitude is also at
the node, the remalnder of the target prediction is through the

angle &,:

. T e 3/2 : o
TR TR e 2.7.18

If the target orbit is eccentric, the target reference time, tp,
is now at the argument of perigee W, measured from the node.
The true anomaly of the rendezvous position is therefore €9f-w.
The target time at ©f 1s given by Kepler's equation: :

= 3 2 - - z '
ty =t 4 a}*/ (E e3;;n E),if ein (&, - W) 02'7‘19
or t, = tp + (2mr-1) \/;Z'. (E~e 8in E)} if sin (@e-W) 20

.where E 18 the eccentric anomaly given by:

E = arc cos [ 1- e cos (6r-w) 2.7.20

1+e cos (é%-w)

The time error éign&l for'correction of boost cut off and stage
time on the next ieration is (tT - tf).

Stage 1 Segment Intervals from Take Off to Start of Cruise

The profile from time (t,) to the start of cruise consists of

two segments: take off and the climb and acceleration to the

start of the cruise phase. The take off segment 1ncludes the

turn from the specified heading ( AZ,) to the desired initial

cruise heading AZy. Cruise heading is an empirical function

61(Ro), to be defined by the optimization work. Estimates of
several points on the curve, Gy, were obtained on the Phase I

study. In the model of flight profiles defined in Reference 1, AZ
varies from -103° to -13° from the heading normal to the orbit Plane.
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The take off segment end conditions depend on AZ1 and the

specified take off heading AZ,. Assuming that a“take-off clirb
of fixed duration at heading AZ, is followed be a turn througn
the heading angle (AZO - AZ%), the following formulae yield an

approximation of the segment parameters.
l&éal = d, cos (AZO) + d, cos (Az, - Az,)
A§, = ¢ sin (A2 ) + d, sin (A2 - AZ)) C2it.2

Av, = a + (az_ - Az))

where A ,L\é% are the change in latitude and longitude from the
take off point. The coordimte system is the | system with
longitude measured in the reference orbital plane and latitude
measured from the - orbital plane. The constants d, are selected

to produce a good fit of the functions to the simuiated vehicle
paths on the takeoff phase over the range of the parameter (AZO-AZI).

The take off phase 1s followed by an acceleration and climb to
subsonic or supersonic cruise conditions. This segment consists
of an arc (D) along the great circle defined by the heading (AZ,)
st (©1, §1)- The arc D is a specified constant for each type
of cruise (subsonic or supersonic) selected by study of preflight
simulation work. The arc and time intervals are obtained by
application of spherical geometry formulas.

#

A8, = erc s‘m['sm D sin AZ) L.
2 (cos 8y cos D N
-sin §, fin.D cos Azi)

o 5
2;2 = arc cos sin D sin 541 2:7:?2
sin@92-ei)

With the take off and climb acceleration phases defined the

next step is to work backwards from the staging point for the
turn into the orbital plane and stage 1 pull-up maneuvers. Then
the end point of the climb-acceleration and the start point of
the turn-pull up define the length of the outbound stage 1 cruise
segment. .
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(9) Stage I Segment Intervals from Stage Point Backward to Cruise
End Point '

There are three control segments from the end of cruise to staging.
In NPG-1, however, they are treated as one segment, with the para-
meters given by empirical functions of R,. These functions, again,
are obtained by finding the best form wh?ch fits data produced in
preflight simulation. Let the great circle arc and time intervals
be represented by the following: )

Aéasc = GG(RO)
ASsc - G-(R)) + Gg(AV,) A 2’.'_1:..23
Aty = Gy(R,) +0y0(AV.)

The cruise end point coordinates are then:

‘é93 = éas -lygic
S3 5; -'Asgc

(10) Time Interval on the Cruise Phase

The length of the great circle arc connecting the cruise end points
obtained in 9 and 10 is derivedfrom 'spherical geometry:

’ﬁcr-z arc cos [cqs 61 cos 62 cos (91- @2) + 8in Sl sin 82] R
i 2.7.24
The crulse time is given by '
Aty = R. /s

Where S is average ground speed on:the cruise phase.

(11) Take Off Time

Finally, take-off time is obtained by subtracting the Stage I
segment time intervals from stage time obtained in T:

to = tg - (At) +Aty +Aty +At ) 2.7.25
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Iteration

Steps (1) through (9) are repeated until the time tf that the pay-
load arrives at the rendezvous point is equal to the time tp that

the target arrives there. The outputs of these steps define the
boundary conditions at the start and end of each path segment. These
boundary conditions are the inputs to the path simulation mode of the
nominal profile generator.

2.7.3 The Nominal Flight Profile Generator, Pnase 2: NPG 2

The next phase of the nominal profile generator, called NFG 2, carries
out the detailed construction of the flight profile for each segment
including the construction of the guidance constants and tables
necessary to fly the path.

2.7.3.1  Outline of NRG 2

NFG 1 produces an estimate of flight segment boundary conditions
without defining in detail the profile to be flown. This task 1s
accomplished by NPG 2 in an iterative process. On the first itera-
tion, the constants required by the guidance system to fly the de-
sired profiles are computed as functions of the NPG 1 estimate of

Ro and A Vg, and the flight is simulated from take-off through
staging. Then the simulated Stage 1 turn and pull-up profile is
analyzed to determine the cross plane profile deviation from a de-
sired naminal. Rg is the independent parameter which determines

the shape of the cross plane profile;, it is corrected in proportion
to the observed cross plane deviation from the desired nominal.
Rendezvous position and time are predicted from the simulated stage
point, and take off time is corrected to null the error in position
relative to the target. Then the process is repeated, starting with
calculation of the guidance constants as functions of the new Rg and
AVg. Iteration continues until convergence criteria on Rp and
take-off.time are met. An outline of NPG 2 is shown in Figure 2-12.
The sequence of operations in further detail follows:

(1) Construct the Stage 1 guidance control tables as functions
of Ro and AV,. These include the nominal h-V, bank angle,
and throttle profiles for each segment; the guidance mode
switching conditions for each segment; and the cross-plane
position profile on the finel phase of the turn prior to pull-

up.

(2) simulate Stage 1 flight from take off through staging under
control of the nominal guidance equations. The principal
computational blocks of the simulation program are:
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e The Nominal Guidance Equations which produce angle of attack,
bank angle, and throttle commands using the control functions
generated in (1). » :

e The Flight Path Simulator which integrates the acceleration
vector to produce position and velocity versus time.

® The Coordinate Converter which produces state vector components
relative to the target orbit parameters as required in the guid-
ance equations.

® The Data Recorder which saves simulated data for control of the
next pass and for analysis of the profile after completion of
each pass. : :

(3) Determine Stage 2 boost end conditions and orbital profile,
7§taining rendezvous position and time (©¢,tr) and the value of
V. . *
g

(4) Determine the time tp at which the target arrives at éaf. Correct
. boost cut off, stage, and take off times, adding the term KT(tp-tf).

(5) Determine target plane position at new boost cut off time. De-
termine new value of Ry. Let ARg = new Ry - Old R,.

(6) Find the integral o the difference between the simulated cross
plane position and the desired nominal as contructed in (1).
Let ARG be an Ry correction term proportional to the integral:

. t5 :
AR = Ky (5 (Y-Yy)at)

(7) Combine the results o?h(5) and (6) to correct Ry for the next
iteration: :

. ’ ?
R, = OLD R, + AR} -AR,

(8) Repeat operations (1) - (7) using the new values of Rg, AV and
take off time. Iteration continues until convergence criteria
on Ro and (tp - tf) are met.

| The eqpatiohs for each NFG 2 operation are summarized in the
following paragraphs.
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2.7.3.2

The Control Table Generator Equations

The inflight guidance equations have a number of constants whose
values are determined to specify the flight pathfor a particular
mission. The control table generator is the portion of the
nominal profile generator, NPG 2, that determines the constants
as functions of the mission variables Ry, and AV_. Parameters
for a number of reference flight profiles are stdred in the
computer memory for optimized flight paths that bracket the range
of mission variables. For intermediate values of mission vari-
ables interpolation methods are used to determine the values of
the constants.

The formel framework for describing a two parameter family
(parameters are Ro and AVy) of stage 1 control functions is de-
veloped. A genersl depensent variable is described by the symbol
Fi as a function of a general independent variable u; nj dependent .
variables are used to define the flight profile (i=l,..., nj).

The symbol Fi(u) with a bar represents a set of stored table values
for the 1'th parameter. Each table F; defines one desired nominal
profile characteristic on a specified segment of flight, such as
altitude versus velocity or bank angle versus time. The symbol

Fi o (u) representsthe set of table values of Fj(u) when the mission
parameters Rg andZ&Vg have specified reference values for the ref-
erence trajectory cases._ Interpolation formuluas are represented
by the symbols DF1lj and DF2j for increments from reference table
values when the mission parameters Ry and AV, are not equal to the
reference values. The general form of the equations for generating
a dependent variable as a function an independent variable is:

Fy(u) = f&}o(u) + 5fii(u,Ro) + DF2ji(u, AVg), 1 = 1,...,n;
The symbol Kﬁ represents a constant for a particular mission which
varies with the mission parameters R, and AV, from mission to mission.

Gx(Ry) and Gl(£>Vg) are one dimensional tables or functions that
define the constants KJ when the mission parameters are specified.

Ky = Gy(R,) + G3(&Vg) , JE€k+1, k=1,...,n,
l=n2~+l,...,n3

The constants Kj include:

(1) segment boundary conditions such as initial relative heading
and stage position. components; and

(2) constants in control variable equations that are fixed on a
specific mission but vary with mission parameters.
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2.7.3.3

The equations for the segnent boundary conditions are for the
most part the same as those eppearing in NG 1, '

There are several candidates for the form of the incremental
functions DF1l and DF2. They may be defined by two-dimensional
tables, by combinations of one arnd two-dimensional tables, by
cambinations of tables and functions, or entirely by functions.

. Similarly, Gy and Gy may be defined by one dimensional tables

or by functions.

Not all profile characteristics are defined by tables of the

- form Fi; some are defined by functional forms containing constants

of the form Ki. In the guidance equations the symbol F; (u) 1s
used to denote the value of the dependent profile variable de-
rending on the independent variable u. No distinction is made

as to form--that 1s whether F; is obtained by table interpolation
or by evaluating a function in u such as a polynomial or expoten-
tial form. When referring to the set of table values, a bar is
placed above the function symbol. Similarly, DFl4, DF2; and Gy
represent functions of R° orjxvg while DFly, DF2j and G4 represent
sets of table values. '

The foregoing merely sets up the formal framework for describing
the two-parameter family of Stage 1 control functions for rendez-
vous missions. A control model is specified by defining the
functions Fi, DFlj, DF2j, and Gj. One possible model will be ..
described which is based on an interpretation of trajectory re-
sults obtained to date. The analysis and design process for
synthesizing and testing guidance system models is outlined in
Figure 2-13. ‘

Nominal Guidance Equations for Preliminary Guidance System Model

Preliminary equations for the control variable commands required
to simulate the vehicle nominal flight path are given. The con-
trol variables are scalar pitch (©.), bank angle (¢.), and
throttle (”)c), the subscript c denoting command. Scelar pitch
is equal to angle of attack plus flight path angle, which are not
in the same plane when the vehicle is banked. In actual flight,
these cammends are converted by the guidance system to Euler
angle commands in the coordinate system of the inertial attitude
reference system. These conversions are not included in the
simulation since they have no effect on the sirmlated profile.
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FIGURE 2-13
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Inputs to the guidance equations include (1) simulated vehicle
position and velocity in both the flight path coordinate system

and the target oriented coordinate system defined in Figure 2-11;
(2) the table values F; and constents Kj produced by the Control
Table Generator; and (3) a set of constants represented by cjy which
are independent of the mission parameters Rg andz&Vg. The guidance
modes are in one-to-one correspondence with the flight seguments
defined in Section 2.2.

Mode 1. Take Off and Turn to Initial Heading

Taking off at heading AZ,-the vehicle flles a specified attitude
profile at full throttle to a specified velocity, then banks until
heading equals the desired initial value determined by the Con-
trol Table Generator (hereafter Control Table Generator is abbre-
viated CTG) as a function of Ro' The pitch and throttle equations
are:

ec co + c (t-to)

throughout
1. S _ ~ Mode 1

L]

e
™

The bank angle equation is:

Start with A @, = cp (AZ-AZ)
Switch to ¢b = c3 when VR crosses the value c).
Switch to A ¢c = cs(AZ-Kl) when (AZ-K) < cg-

K, is obtained by CTG fhrough linear interpolation in a table
of numbers, G1(R,), vhich defines initial cruise heading as a
function of R,. Switch to Mode 2 when |AZ - Kl\<(c7.

Mode 2. Acceleration and Climb to Cruise Conditions

BRANCH I: When R >R, the vehicle is guided by Mode 2 to
supersonic cruise conditions. The pitch angle and throttle
profiles are invariant with R_. Pitch angle is controlled to
produce the altitude-velocity profile defined by the optimiza-
tion work for long range missions shown in Figure 2-T. Throttle

is held constant at its maximum value. The desired altitude is
equal to F1 (VR), obtained by a table interpolation in the table
F1(VR). TFi(VR) is equal to a reference table in CTG, denoted there
by Fl,ozvR) vhich is constructed to fit the optimum h-V profile for
long range missions. The functions DFl, and DF2, are identically
zero. The bank angle profile 1s determined by an equation
formulated to cause the veéhicle to fly the great circle contalning
present position and the desired start turn position (g 32 @3) =
(KQ,K3). The desired start turn position components are
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determined as functions of R, by CIG, using the equations and
tables defined in NPG 1. The control equations are:

f’icnl.

AD(t) = cgln-Fi(Vg)) + c9E§Q(t) - 20(t- At)J
A ¢ e = CS(AZ - AZc)
where
A2 = arc sin C°°88638inR

c sin (6- )
'R = arc cos [31n851n53 + cos $ cos 83 cos@3]

Switch to Mode 3 when VR crosses CI) .

Branch Two of Mcde 2: When Ry é'Rc, the vehicle is guided by
Mode 2 to subsonic cruise conditions. The pitch and the throttle
profiles are the same as for Branch One, table Fl(VR) being the
altitude-velocity teble, and throttle being at maximum. The
bank angle is controlled to maintain heading at AZ; = Kj.

Nominal guidance switches to Mode 3 when the specified subsonic
cruise velocity, Ky, 1s attained. K, is determined by CTG

es a function of R,.

‘Mode 3. Subsonic or Supersonic Cruise

Subsonic

Pitch is controlled to maintain a specified altitude rate; throttle
is controlled to maintain VR equal to zero; and bank angle is .
controlled to maintain heading, Kl

Aec = cll(h-KS)

A= ¢, * Yy

Initially, A¢-C cS(AZ-Kl)

Switch to ¢ o = Kg vhen o crosses S 3 =K

Switch to j&c = cB(AZ-K,-{) when AZ crosses (KI-'l.)'

Nominal guidance switches to Mode 4 under control.of the following
logic: '
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Switch when latitude (9 ) crosses Kg if R > 300 NM

or switch when longitude & crosses K9 if R % 300 NM.

‘'The constants Kh through K8 are determined by CTG as a

function of Ro .

Supersonic Cruise

Pitch is controlled to maintain a constant altitude; throttle
is controlled to maintain constant ground speed; and bank angle
is controlled so the vehicle flies on the great circle con-
taining present position and the desired start turn position
5 3 é3) defined previously. Guidance switch to Mode L4 when
¢ crosses §3. '

.

Mode I. Phase 1 of Turn

BRANCH I: R >R,

A maximum rate turn is executed with throttle at maximum setting.

The pitch and bank angles are commanded to maximize the horizontal
component of the normal acceleration vector within the constraint

of R =oand h = o. )

- Ag, clh(cos¢cos=<.) + cls(cos¢ cosac)® )‘/

P = c16 * 17 VR + 18(Vgcig)

Guidance switches to Mode S when latitude (§ ) crosses a
specified value KlO which is a function of Ro.

Branch Two: Ry £ R,

When R o < Rc’ the climb, acceleration, and turn to the stage
point are coordinated, the parameters of the profile being

strong functions of R and weak functions of AVg. The guidance
equations for Mode 4 are based on the assumption that the profile
on-the first phase of the turn is independent ofAVg. The

initial conditions at the start of the turn vary with the initial
heading (AZ) = G1(Ry)) and with the duration of the subsonic

cruise leg, which also is dependent on R,. The desired h-V profile
is given by the table Fp(VR) of My pairs of points. Fo(VR) is
constructed by CIG as follows:

FQZVR) = Fl,OzvR)J + DFlQ(RO)
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DFL, is the table of differences in h with respect to R  at
the points in the middle region of the reference h-V profile
shown in Figure 2=7. A schematic illustration of the family
of profiles in thils region is sketched in. The bank angle
profiles on Mode.h are defined by the following form:

2
fo = Fp + Kpltnty) + Hyglenty)
where Kll, K;» and K13 are functions of Rg,.

Guidance is switched to Mode 5 when latitude crosses 5 = KJ-B
vhere K;)is a function of ZSVK.

Mode 5. Phase 2 of the Turn and Pull Up.

The form of the nominal guidance equations for the final turn
prior to pull up is based on the hypothesis that the h-V profile
in this phase is invariant with Ro’ but varies with AV,. The
desired h-V profile table F3ZVR) of Mp pairs of points is given
by:

F3(Vp) = F (V) + DF23@Av,)

DF2, is the table of differences in h with respect to[&V at the
) M2 points on the reference h-V profiles. The bank angle profiles
on Mode 5 are defined by the following form

¢c‘ = 20 (1) + cpy (Y-Tg ) (t-t5) + epp¥(t-tg )

where Y, Y are the desired cross plane components of inertial
position and velocity at staging and tg is the current estimate
of stage time. The desired stage point position was defined
previously in terms of latitude and longitude (&g 635) The
cross plane inertial velocity Y, 1s given as a function of R,
and stg:

Y = Cpg + Gy (AVg) + G23(R°)
where .the second and third terms are evaluated,by CTIG by
interpolation in Tables G22 and G23.

Sometime during Mode 5, a prediction calculation for the time to
start pull-up is initiated using a simplified form of the equations
of motion with constant gravity and an idealized form of the
accelerations due to lift and drag. These are still to be derived.
An integrable form is sought such that the prediction involves

" the evaluation of a functional form for (VR)5 and hg at ts.
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20 7- 3¢h

Stage time 18 corrected then to:
Bt = New tg - 01 t5 = e, ((Vg)5 - Kjo) + epslhg-Kyg)
Few t, = Old tg +§t

where Kl and K16 are the desired relative velocity at the start
of pullup as functions of R, and AV

K = 326(30) + Gz7(Avg)

Guidance 1s switched to Mode 6 when t = New ts.

Mode 6. Pullup and Stage

The equations for pitch control sre the same on Mode 6 as Mode 5,
the h-V profile, 3(v ) extending from the start of Mode 5 through
staging. The bank angle is controlled by an open loop time pro-
file as follows:

Ade = cdFy(tg-t)- )

vhere stage time 1s held constant at the value predicted at the
start of pullup.

Staging occurs when t = t.

Stage 1 Flight Path Simulation

The Stage 1 equations of motion maybe 1ntegra.ted in the Earth
equatorial inertial system (x, Yy, 2, X n or in the flight
path coordinate system (Vo, ¥, AZ, h, Both sets of

coordinates appear. as var a.bles in the control equations, re-
quiring coordinate conversion in either case. The flight path

‘coordinates are required to determine the applied force vector,
" and the inertial coordinates are required to determine position

and.velotity relative to.the -target. The choice of coordinates
in integration depends on detailed considerations which are
beyond the scope of the present study. For purposes of this
discussion the equations of motion are arbitrarily presented in
the flight path coordinate system.
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: [ ®, o
The acceleration vector is defined by VR’ XR’ and AZ, as follows:

&
V. = T cossl-D
m

R .-gsinXR

+ Wzrecos)(cos Msin¥Xp-sin)cos &g sin AZ)

fo- TOrL (& W) cos ¥

w2

+ 2W cos \cos AZ +
VR

cos,\(cos cos XR + sin)\ sin XR sin AZ)

o v
A.Z = -(T sin +L)sin'd) - -—RtanAcosYR cos AZ

mVR cos XR r

Wer sin,\ cos )\cos AZ

- 2W(sin \- tan Z(R sin AZ cos \) - Y.
R R

The velocity vector in spherical coordinates is given by:

.
h

Vg sin -XR

>“, VR cos XR sin AZ

altitude rate

latitude rate

Te

F = Vg cos XR cos AZ/re cos)‘) longitude rate

Mass rate, thrust, 1ift, and drag' are approximated by a set of
functions, fi’ involving state and control variables:

m = f(g, h, Vg) mass rate
T = fé(q,'-h, Vg, %s) thrust force
D = £ (n, Vg,X) B drag force
L = 1, (b, Vg,x) ~ 1ift force

The gravitational acceleration is given by:

8="L/r2e
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2.7.3.5.

A development problem exists in the formulation of the functions,

fy, defining the mass rate and applied forces. Altitude and

velocity appear as independent variables in all four of the functions;
angle of attack eppears in all except the mass rate function; and
throttle appears in the mass rate and thrust functions. In exist-
ing simulations of aerodynamic flight these functions are given by

a combination of formulae and table look up. This may be the best
wvay of describing vehicle characteristics, but the potential of an
analytical formulation should be investigated.

Analysis of Stage 1 End Conditions and Correction for Rendezvous ,

Stage 2 Boost Segment and Orbital Segment Profiles

Having defined the Stage 1 profile by simulation, NPG 2 adds the
Stage 2 boost and orbital segment arcs and time to the stage posi-

tion and time to obtain the new estimate of rendezvous position
and time.

The'Stage 2 boost and first coast arc parameters are computed
with the same formulae defined in NPG 1. Formulae of this type
are accurate within a few seconds and one kilometer, so that

‘simulation of the equations of motion may not be required.

Target Position Prediction

The target time ty at position E?f is computed and the correction
in takeoff time is determined as in NPG 1.

Cross Plane Error Correction.

The purpose of the Stage 1 simulation is to measure and correct the
errors due to approximations in the representation of the Stage 1
profile by parametric functions of Ry and AV,. The parametric
representation shapes the profiles; end condifions are met by adjust-
ing the profile cross plane profile and take off time after each
simulation of the Stage 1 equations of motion. The proposed measure
of cross plane profile error is the integral of the difference
between simulated cross-plane position and a desired nominal on

the second phase of the turn. The profile on this segment is a
strong function of R and a weak function oflﬁvg.. It is constructed
by CIG as follows:

Yy(t) = Fs(t) + —DF-l_S(Ro,t) + 'D‘F‘z's( Avg, Ry, t)
DF2¢ = G(R AV, £ all t
5 ( o) A g) or
and DFl, (qu) is & matrix of table values.

The measure of cross plane profile error is:
E [r(ey) - wlep] At
J=!
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Since R_ 1s the principle cross plane profile parameter, the pro;

file 1s adjusted by correcting Ry by a termARc', proportional to
the. observed cross plane error.

The position of the target plane at the updated boost cut-off time
and the resultant change in Ry, AR_, are determined. The com~
posite correction in R, is then AR‘:'> = ARo. The steps defined

‘in 2.7.3.1 - 2.7.3.5 are repeated with the new values of Ry and

Avg. tIter'ation continues until convergence criteria on (tp - tf)
are met.: h
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3.0 LAMBDA GUIDANCE

3.1 Introduction

Lambda guidance and the variational form of the steepest-descent optimi-
zation process share a common origin, small perturbation analysis of the
motion of a nonlinear dynamic system. In both cases an optimal result,
correct to first order, is sought. In steepest-descent problems the
object is to maximize or minimize a function of the terminal state and
time while simultaneously providing specified changes to an array of
 constraint functions. In Lambda guidance problems the object is to

find the minimum control perturbation which retains terminal control
about an arbitrary nominal path in the presence of small disturbances.

In flight control problems the disturbance may have several sources.

The state at a particular time may be in error as a result of a com-
bination of navigational, guidance or control errors. Ilocalized
environmental disturbances in the planetary atmospheric characteristics
may be encountered during a particular mission. Finally, the predicted
vehicle characteristics themselves may be in error; aerodynamic and
propulsive forces in particular are subject to some uncertainty on most
vehicles. In any non-linear system the propagated effect of uncorrected
smell errors in the state vector or its time derivative can become
large, hence a guidance system which determines corrective control
action once the errors have been detected is a necessity. If the errors
are small, linearized perturbation analysis can be employed to determine
control corrections which msintain: some chosen subset of the original
terminal state-vector components. In particular, if an acceptable
measure of control perturbation cost can be devised, the optimal control
correction, i.e., that which provides minimum "cost" in some generalized
sense, can be analytically obtained. Lambda guidance is an optimal
guidance scheme in this sense, the cost function employed being the
control perturbation measure of Eqn. (2.1.5), Part II, Vol. 2.

The Lambda guidance approach retains the complete system dynamics to first
order and hence 1s capable of providing control about an arbitrary
vehicle flight path, providing the errors remain small in a mathematical
sense. It should be emphasized that this definition of smellness may not
always coincide with preconceived conceptions of smallness. Only actuzl
simulations of the controlled dynamic systems can provide the correlation
between mathemetical and preconceived ideas of smallness. Since lambda
guidsnce csn be applied to an arbitrary flight path it has the

ability to provide guidance about .the complex flight paths which often
result from optimization calcuwlations. This appears to be a significant
point, since piecewise approximation of dynamic optimal paths by
conventionally defined and controlled sub-arcs mey result in significant
performance losses.

The remainder of this part of the report 1s devoted to a derivation of
the Lambda guldance equations, a brief description of a simulator
developed for the study of Lambda guidance problems, and the results of

applying the simulator to some typical recoverable launch system flight
paths.
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3.2 ANALYTIC DEVELOPMENT

3.2.1 Error Sources

The optimization analysis of Sections 2 and 3 in Part II, Volume 2 of
the present report contains the nucleus of first order control theory
as a by-product. For example, the trajectory sensitivities to various
types of error are obtained, Eqns. (3.2.41) to (3.2.46) of Part II,
Volume 2. These sensitivities permit the direct computation of the ..
effect of various error sources at any point on the trajectory, on the
quantities of interest at the trajectory termination, provided the
magnitude of these errors is small.

In guldance problems several types of errors may exist at a point
on the trajectory, including

(a) State variable errors on the terminal values of the payoff
or constraint functions.

(v) Control variable errors on the terminal values of the payoff
or constraint functions.

scg Vehicle characteristic errors.

d) Environmental errors in the planetary characteristics.

The remainder of this section is devoted to the study of type (a).

It will be assumed that a basic trajectory, along which the vehicle
is to fly, 1s available. In this case, the state variables, which
describe the trajectory history, and the control variable histories

which generate this basic trajectory in the absence of errors, will be
known functions of time, say

)} - {xw} 3.1
{ate)} - {a0} 3.2

The guidance problem considered here is that of determining control
history corrections, {A'a(t)} , vhich maintain the terminal conditions
of Egns. (2.1.2) to (2.1.4) of Part II, Vol. 2, or some selected subset
of these conditlons, in the presence of small state errors along the
path. It should be emphasized at this point that for a variety of
reasons the basic trajectory may be non-optimal. In these instances
first order analysis can be used to predict the effect of small state
and control perturbations on the terminal value of the payoff function.

3.2.2 Effect of State Variable Errors

Suppose that the flight of a vehicle on a basic trajectory is being
monitored, and at some time, t', let it be noted that the actual vehicle
flight path has deviated, in o state sense, from the basic trajectory.
That is, an error in the state variable of position, velocity and mass
exists, so that '
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{x(t')} = {x(t')} + {Ax(t')} ‘3,3

vhere {Ax(t')} is the detected state error. Now apply Eqns. (2.2.20)
of Part II, Vol. 2 to the remaining portion of the trajectory, assuming
no control varisble correction and no vehicle characteristic or

environrental errors. This can be achieved by substituting t' for to
to obtain

8¢ = |rgglen | { axten) 3

s} Paten] {oxen)

The quantities A¢ and {A\I/} are the first order estimates of
perturbations in the payoff and counstraint functions, if the errors,
{Ax(t.')}, are left uncorrected, and allowed to propagate throughout
the remainder of the trejectory.

In.some instances, it msy be desirable to obtain the history of the
entire remaining portion of the perturbed trajectory, in addition to
the final perturbations. This can be accomplished using a combination
of the analysis of Section 2, Part II, Vol. 2, and the superposition
principles contained in Reference 2. First, returning to Eqn. (2.2.13)
of Part II, Vol. 2, it follows by integration between t' and t, where

t'<t<eT . 3.6

“that

t
]
{max) - {X'bx}t' -S [] [ ¢]{sa}
te 3.7
Now suppose the boundary conditions

@] - (=] 3.8

It follows directly from Eqns. ( 3.7 ) and ( 3.8 ) of Part 1I, Vol. 2,
that '

are imposed.

{;x({)} =S [xJ' [G]{&a}d‘b ;[)\(t')]'{Ax(t')} 3.9

t
tt
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'{‘x(z) @} = {x®} [[L(‘t‘)] -l]"{ST[L(t)]

If the control variables are not perturbed, the first term on
the R.H.S. disappears and

{ax(%')} - [x(t')]'{Ax(t')} , 3.10

Now applying the superposition principles at time t

o] - el - [

‘ | 3.1
Premultiplying both sides by [L(t)] -1, we obtain
o) -fe]r
r - : 3.12
and hence by the superposition principle applied at time t'
] -fen)
‘ 3.13
Combining Egns. 3.1, 3.10 and 3.13, the time history of the
perturbed trajectory in the region t' < t £ T becoues
— -— - | - » - ' » ¢
{x® + x(®} - {x®} + [[L(t)] -l] [ren)] {axn}
_ 3.1k

If the_control history is also perturbed, the state at any future
time, t, can be found by substitution of Egn. 3.13 into Eqn. 3.9.
In this case , - .

elfoc o L] o]

3.15

'
t!

3.2.3 Correction of State Variable Errors

Once a state variable error has been detected, the question of how it
should be compensated arises. The compensation can only be made by a
correcting perturbation to the basic control variable histories.
Depending on the control system sorhistication, this nay be accomplished
by means varying from a pulse correction in the control varisbles, to a
continuously distributed perturbation in the remaining portion of the
control variable histories.
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3.2.3.1 Pulse Control Variable Corrections

In the simplest case, we must attempt to eliminate the effect of the
state variable errors by a pulse in the controlling variables. That
is, we will superimpose a control variable perturbation, {6a(t)| ; on
to the basic control variable history, {A(t)} y of the form -

{Aa(t)} = { Aa(t?) . 8(t - t’)}
| _ 3.16"

Substituting the measure state variable errors, {Ax(t')} ; the control

variable perturbation, {Aa(t')} ; end t' for t_; in Egns. 2.2.20
of Part II, Vol. 2, we obtain °

a¢ = l_xm(t')_l'[c(.t')]{ Aa(t')} +[x¢n(t')J {Ax(t')}
' 3.17

{av} = [yaten]focen | { Aa(_t.)} {W«w]‘{mt-)} |

If the nurber of constraints plus payoff function, P+l, is equal to
the number of control variables, M; Egns. 3.17 and 3.18 can be solved.
Further, by making the L.H.S. of each of these equations zero, the
significant terminal conditions of the trajectory will be unsltered.
Making this substitution and solving for the control variable pulse
magnitudes, we obtain

— o e e e o

In Egn. 3.19, it bas been assumed that the matrix which is to be

inverted is non-singular. If one of the controls were ineffective at t',
80 that corresponding column in the G matrix vwas null, the inversion
would be impossible. In this case, that particular control variable could
be ignored, and there would be (M-1) effective control variables.

When there are fewer control variables than terminal quantities of
interest, M < P+l, then it is only possible to select M of the P+l quanti-
ties and eliminate the error in them. The selection of which of the

P+l terminal quantities should be so chosen depends both on the importance
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of each constraint, and the effect of the pulse correction on the
remaining terminal quantities. This latter effect can be obtained

by substituting the pulse corrections in the complete set of equations
given by Eqns. 3.17 and 3.18.

When there are more control variables than terminal quantities of
interest, M > P+l, any P+l of the M control variables can be used
to eliminate the terminal errors.

3.2.3.2 Distributed Control Variable Corrections

In a more sophisticated system than that considered in Section 3.2.3.1
the control variable correction may be distributed over the remaining
portion of the trajectory. In this case, the requirement of M 2 P+l,
to completely correct a state variable error disappears. '

Substituting the stafe variable errors together with a control varieble

perturbation into Eqns. 2.2.20 of Part II, Vol. 2, and applying
these equations at the point to = t', we now obtain

a¢ = Sil‘x;n_][c]{m} at + l')\',,n(t')_l»{a‘x(t')‘}

3.20
and
o e e s o
, 3.2
Now suppose we take a control variable perturbation of total
magnitude A
AP2 = ST LAa(t)J [w(t)] {Aa(t)} at
t 3.22

From the analysis of Part II, Vol. 2, Eqn. 2.2.38, the optimal way
to distribute this perturbation while eliminating the terminal constraint
errors is -

{A“} =7 [w]-l [G] '{{wn} - [Xw;z][lww(ts)] 1 {I‘w(t -)} }
| [0 - |ag] [y gen)] * {as} .
Tpalt?) - [ 1yeten) | [, 060] 2 {1}

+[¥]2 (o) Poal faten] 2 {os}

3.23

SHEET TO

US 4802 1434 REV.8-65%




USE FOR TYPEWRITTEN MATERIAL ONLY

NUMBER D2-113016-7

e BVEVEIRES comeany REV LIR

~ section, we have linearized the true perturbation by making the

where
foo}= [ gate0]" foxen)

The functions [Teg(t")], {Tee(t*)} , anaLye(tt)are defined by
Egns. 2.2.31a to 2.2.31c of Part II, Vol. 2, respectively, with t
replaced by t'. The change in ¢ is similarly derived from Egn.
2.2.39 of Part II, Vol. 2, and is given by

3.24

=3 V{udet) - [rveen [t Thrvate0}) oe2 -{as [xpen] Heo})
* Lvaten)] (gte] Moo} +[rgnten]{oxten

3.25

There are several ways in which the solution of Egns. 3.23 and
3.25 can be used. All hinge on the choice of A » the control variable
perturbation magnitude. These are:

(a) Use the minimum AF® which will eliminate the end point changes.
In this case, :

o7 o] s
3.26

(b) Use the minimum AP2 which will eliminate both the end point changes
and restore the performance. This solution is obtained from
Egns. 3.23 and 3.25, and is limited to non-optimal paths.

(c) Use a value of AP2 vhich is known to be in a reasonably linear
range, up to a maximum value obtained from (b).

In a highly complex system, we might utilize any of these three
approaches end predict the anticipa,ted conditions at predetermined
sampling points. The value of AP could then be adjusted according to how
well the conditions at each successive sampling point were being
predicted. If such a method was spplied from the commencement of the
trajectory, the probability of staying within the bounds of linearity
would greatly increase. It should be remembered that throughout this

assumption that {Ax} and {Aa} are small. Some of the problems introduced
by this technique become clear from Appendix I of Ref. 2. It would seem,
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x = X(t)

I

Sketch - A Possible Non-linear Predictor Corrector
’ " Guidance Scheme

l .
from the experience gained to date; that.a fairly.complex

set of logical decisions would need to be incorporated into a control
system which attempts to correct errors by nev optimal distributed
corrections. For example, consider the sketch above where a

trajectory X(t) is known. At the first predetermined sampling point,
T., we expected to be at position T.'. If no corrections are made

t& the control variable history, supbpose the path OT.P. will be
followed. Now suppose that we attempt to completely eliminate the

end point errors by perturbing the basic control variable histories

by an amount AA.(t), and let the trajectory OT.Q.A be the trajectory
predicted by the linear snalysis, Ean. 3.15. I% %s possible, due to

the essentially non-linear nature of the problem, that this perturbation
will over-correct the end point error and that a trajectory similar

to OT Pé will result. At the second predetermined sampling point,
howev%r, the tendency to over-correct becomes apperent for instead

of being at T,.' we are at T_ . At this point then the amount of end
point error being corrected could be reduced and s new control variable
perturbation AA_ (t) generated vwhich leads to a predicted trajectory
OT1T2T ' and an dctual trajectory OT,T,T,; at this point, the process
is répeated and once the perturbed tra%eétory becomes reasonably
linear, the amount of end point error correction could be gradually
increased. This discussion is included to indicate the type of problem
which might be encountered in an actual application of first order control
theory to a complex dynamic trajectory.

Another point worthy of mention is that in Guidance and Control Problems,
we will, in some cases, be interested in control variable perturbations
vhich require the least expenditure of control fuel. The complete
solution of this type of problem would normally require a complete
six-degree-of-freedom analysis. In sowe cases, it may be possible to
arrive et epproximate solutions with a point mass analysis by a
Judicious choice of weighting function in Eqn. 3.22 and by utilizing
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the control variable accelerations as the « instead of the
actual control variables themselves.

3.2.4 lambda Guidance

When the control perturbation is chosen according to Eqn. 3.26
the lambda guidance control perturbation algorithm is obtained.
In this case it follows from Egns. 3.23 and 3.24 that

{Aa(t)} = El (:t.)]k[ze(t ')J {Ax(t n)}

3.27
= [C(t,t!)]{Ax(t')} -
. 3.28
where
ey = - [W]1[e] [yl 3.29
c,(t1) = [xw(t-)] - [x¢’§(tp)]

3.30

The algorithm of Egn. 2.27 is used exclusively in the lambda guidance
simulator described in the following section. It should be noted that
since | I (t'{f is singular when t' = T lambda guidance becomes

quite sensitive 1if updates near the trajectory termination sre

employed. Discussion of wvhy guldance works for rendezvous where time
control is needed.

Lambda Guidance Simulator (IAGS)

A generalized lambda guidance simulator has been developed during
the present study. The simulator can be used for the study of arbitrary
point mass flight paths in the following environment:

" (1) A spherical planet

(2) A radially symmetric inverse square gravitetional field
(3) ARDC 1959 or 1962 Standard Atmosphere

(4) Rotating or non-rotating planet

Vehicle characteristics are entered in tabular form and include,

(1) Propulsive characteristics - thrust force and fuel flow
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(2) Aerodynamic characteristics =- 1ift, drag and side forces

(3) Multi-stage caepability - stages occur at fixed time

Point mass vehicle flight paths are generated with continuous control
employing the following varisbles:

l. Scalar pitch - the algebraic sum of the flight path angle and
the total angle-of-attack

2. Bank angle - A rotation about the velocity vector at constant
scalar pitch

3. Throttle setting ‘

4. Swveep angle of the primary 1lifting surface. .

Nominal flight. paths can be generated in several ways including:
1. Maéh-altitude path following

2. Coixstant velocity cruise

3. Constant rate of climbd

h, Open' loop control

The last option, open loop control for the generation of reference nomi-
nal flight paths, is used exclusively in the present study. In this
mode the simulator is able to accept previously gererated control

histories from the flight path optimization computer programs of
Refs. 2 and 7.

Error sources are contained within the simulator and include

1. Multiplicative and additive serodyramic 1ift and drag error
constants, 1l.e., the aerodynamic force appears in the form

= +
cL Ach B1
Cp = ALp * By
where the Ai snd B1 are arbitrary error constants.

2. Multiplicative and additive thrust and fuel flow error
constants, i.e.,

TaA3T+B3

M=A1&M+Bh

Agrin the error constants are arbitrary.
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3. Arbitary state errors can be introduced at any point along
the flight path.

L. Timing errors can similarly be introduced.

5. Atmospheric variations can be introduced. At the present time
wind profiles are not included.

Terminal constraints may be imposed on any set of functions of the
final state and time chosen from a preprogrammed array of LO

variables to a maximum of 14 on any one calculation. The 4O variables
include several inflight inequality constraints which are automatically

rephrased as terminal constraints using the penalty function technique
described in Reference 2.

Program operation is straightforward. Forward integration of the
nominal flight path, using either open loop control or one of the
programmed flight path generators, is carried out. together with a
simlteneous computation of the state Jacobian, 3 , and the
control partial derivatives,}2¥ ). The adjoint eQquations are then
integrated backwards in time with the boundary conditions imposed.
The control matrix elements, [C(t,t')], are stored during this
calculation. Following the reverse integration of the adjoint equations
guldance trajectories are computed in the forward direction with any
desired combination of the errors discussed above introduced. The
guidance trajectory 1is integrated with error generation until a chosen
start guidance time, tgo. At this point the control vector perturbation
history which will maintain the specified end points for the then
existing state error is computed and added to the nominal control
vector history in the time region, t,o £ t € T. Integration of the
guldance trajectory then continues w%th the modified control history.
The control history is updated in this manner at specified time points
in the time region, tgoﬁ-tg _.Tg, where the discrete points 'l'.8 are
of the form - _

tg = tgo + N. Atg, N =1,2-cccea-- 4 3.31
and Tg is a selected guidance update cut-off time chosen to avoid
the control singularities discussed inm Section 3.2.4. The trajectory
continues to be integrated beyond this point until the nominal cut-off
condition is satisfied. Throughout the guidance trajectory, limits,
ZC' and 3(“, can be directly imposed on the control perturbations,

so that ~\ ¢ ;((t)f: an

where & (t) is the control perturbation computed from the lambda
guidance algorithm. An over-ride of this type is sometimes necessary
due to the non-linear nature of highly dynamic atmospheric trajectories,
or if updates occur close to the trajectory termination.
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3.4

A schematic diagram of the lambda guidance simulator is presented
in Figure 3-1. The simulator is applied to the study of several

- trajectories during the remainder of this section. Since relatively

few examples of the application of lambda guidance to complex
atmospheric trajectories are extant, the simulator is initially
applied to a short duration mission and its behavior studied on
several typicel situations. Problems of increasing complexity are
then treated culminating with a complete launch mission from take-off
to orbital rendezvous conditions.

Lambda Guidance Applications = Short Duration Trajectory

The enalysis of Section 3.2 indicates that lambds guidance generates
an infinite number of control laws._ For each differing choice of
the time varying weighting matrix W, & new control correction is
generated. The rational choice of these weilghting matrices is
discussed further in Section 3.6. The applications of the present

section use a straightforward approach to this problem on a
heuristic basis.

Strictly speaking, the I ambdan guidance analysis of Section 3.2 applies
to the correction of effects of detected state errors. Nevertheless
it is clear that the method has a latent ability to correct small
environmental and vehicle.characteristic errors also. This can be
seen from somewhat idealized argument, for these errors introduce
small changes in the control matrices, [C] and [C ] . It follows
that the control correction for a given s%ate errog in the presence
of vehicle errors takes the form

{Aa}' :=[cl + Acl] [02 + AéQJ{Ai} | |
SO

This assumes that the flight paths of the nominal vehicle and the
vehicle subject to characteristic errors are identical. If the paths

- are not identical but are close to each other this merely introduces

a further small error in the control matrices and Egn. 3.32
remains approximately true.

In reality however small vehicle characteristic errors can rapidly

propagate into large flight path errors on complex trajectories. Hence
if the effect of vehicle characteristic errors is ignored in the
endlysis, lambda guidance may fail to provide reasonable terminal
control. The errors however only propagate unchecked between the
guldance update times, for at each update time the state error is re-
established and a revised control correction computed. This point

is discussed further in the following section where the behavior of
lambda guidance in the presence of vehicle error is demonstrated.
Similar remarks can be made with respect to environmentsl errors.
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3.4.1 Short Duration Trajectory - Path Following

The initial demonstration of the generalized lambda guidance
simulator is for a sequential series of short duration flight peths.
The complete mission in these calculations is the first 300 seconds
of the trajectory obtained after 32 iterations through the program
of Reference 7. It consists of an almost level subsonic acceleration
followed by a near constant velocity climb at transonic speed,
followed by a supersonic climbing acceleration. Essentially this
path follows the sonic boom overpressure limit, as such it represents
& typical acceleration profile to about Mach 2.0. The nominal V-h
path is shown in Figure 3-2. The path following study divides this
profile into 100 second intervals and attempts to steer to this
succession of points. Guidance update occurs at about 5 second
intervals. Control was executed with scalar pitch, bank angle and
throttle. This study is intended to provide some basic insight

into the operation of lambda guidance on atmospheric flight path
guidance. The off-nominal conditions employed were a thrust error
of -5% and a drag increase of 5% throughout the trajectory combined
with an initial state error at t = O of =50 ft. in altitude and 50
ft/sec. in velocity. Since no inequality constraints were placed on
throttle in this first study, guidance to the end points in fixed
time is feasible. It can be seen from Figure 3-2 that the path
followed by the lambda guldance simulator in the presence of this error
is very close to the nominal path at all times. Control histories
for the nominal and perturbed paths are shown in Figures 3-U to 3-6.
The control histories generally follow a saw-tooth pattern within
each 100 second flight control segrent. This is most noticeable in the
throttle history of Figure 3-6. Throughout each 100 second segment
the control history perturbetions grow in magnitude, and the sawtooth
shows a tendency to become more pronounced.

This behavior is ettributable to the presence of vehicle characteristic
errors. The control history at any update time is recomputed without
knowledge of these errors. If errors of this type were not, present,
the trajectory would slowly approach the nominal as time passed

and the perturbations apparently would exhibit a decaying character.
The effect of the vehicle errors however steadily overpowers the
effect of the corrective control actions. Nevertheless, it can be
seen from Figure 3-2 that terminal control is maintained in a velocity=-
altitude-time sense. This is quite surprising in view of the
violently changing control histories used to generate the nominal
flight path. The pitch and bank-angle histories generally exhiblt
similar behavior to the throttle history.

The weighting'matrix employed in these simulations varies linearly
throughout each 100 second segment. Initial values were l. for pitch
and bank, and 0.01 for throttle inverse weighing matrix elements.

At the terminetion of each segment all elements of this matrix wvere
zero. This is equivalent to demanding that the control :correction

be completed by the end of the trajectory segment. This guidance to
a sequence of points along the path effectively implements e path
following mode with lambda guidance. .
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" 3.4.2 Short Duration Trajectory - Effect of Various Errors

It was concluded in the previous section that the saw-tooth nature

of the control corrections was caused by the presence of vehicle
characteristic errors. The effect of these error sources propagates
without check between guidance update times as discussed in Section
3.4. A separate study of the effect of each error source was
undertaken using the first 100 second segment of the: preceding
section. The results are presented in Figures 3-7 and 3-8. The
velocity-altitude plot shows that all guidance trajectorles remain in
the neighborhood of the nominal path and terminal control is excellent
in all cases, and better than the control in the presence of the
combined disturbances. The throttle histories are presented in
Figure 3-8. It can be seen that the control histories for errors

in the state vector are smooth and tend to diminish in magnitude.

The control histories for vehicle errors, however, retain the saw-
tooth nature of the combined error study. Since the effects of/
vehicle errors tend +to increase with the time in which they develop
unchecked, there is a close relationship between the update frequency
required and the spectrum of vehicle characteristic errors encountered.

3.4.3 Short Duration Trajectory - Weighting Matrix Variations

Since the welghting matrix used in the previdus short duration studies
was arbitrarily chosen, the effect of varying the elements is of
interest. The dominant control corrections in the previous studies
was clearly the throttle. Accordingly the throttle element in the
inverse weighting matrix at t = 0.0 was parametrically varied while
retaining the linear variation going to zero at the end of the
particular 100 second segment. Further the terminal time constraint
wes abandoned, trajectory termination occurred in all cases on
velocity, 568 m/sec. (V = 1863 ft/sec.).

Four guidance cases were simulated corresponding to WN = .1, .01,
.001, .000l, where Wy . is the initial value of the throttle inverse
weighting matrix element. The results arepresented in Figures

3-9 to 3-13. The resulting V-h paths are shown in Figures 3-9a to
3-9d. In all cases excellent terminal control results. Further,
since the weighting matrix goes to zero after 100 seconds of flight,
‘the control correction ceases at this point. A corollary to this

is that the path should be regained after 100 seconds. This behavior
can be seen in Figure 3-9.

The welghting matrix variation effect on pitch and bank 1s shown in

Figure 3-10. The largest corrections to these variables occur for “51

- .000l1, and are shown in Figure 3-10. The correction for the other

cases are almost identical to this plot. The throttle history on the other
hand shows a marked variation with Wﬁlas shown in Figure 3-11. There is a
pronounced difference between the corrections for the time free control
case and the time fixed correction as shown in Figure 3-12. The terminal
mass obtained in these simulations is plotted as a function of the inverse
weighting element Wy in Figure 3-13.
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